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1. Introduction

This paper is concerned with the theory and applications of exponential sums over smooth numbers.
Despite the numerous applications stemming from suitable estimates for these exponential sums, thus
far little attention has been paid to any but the simplest cases (see, for example, [19, 20, 23]). Our
primary objective is the development of a method for estimating mean values of exponential sums over
smooth numbers, such mean values being fundamental to subsequent applications. Having established
such a method, we develop estimates of use in applications of such exponential sums inside the fabric of
the Hardy-Littlewood method. For the purposes of illustrating the power of our new estimates, we draw
corollaries concerning the distribution of the fractional parts of polynomials, and for Waring’s problem
with polynomial summands. There are also consequences of our methods for problems involving the
global solubility of simultaneous additive equations, but we defer an account of such developments to a
later occasion (see [30]). These applications by no means exhaust the available supply. Our estimates
will also be useful in considering problems concerning simultaneous small values of additive forms (see,
for example, [18], Chapter 11), and the simultaneous distribution modulo 1 of additive forms (see [6]).

In order to describe our conclusions, we shall require some notation. When P and R are positive
integers, let A(P,R) denote the set of R-smooth numbers up to P , that is,

A(P,R) = {n ∈ Z ∩ [1, P ] : p prime, p|n⇒ p ≤ R}. (1.1)

Consider a fixed t-tuple, k = (k1, . . . , kt), of positive integers satisfying

1 ≤ kt < kt−1 < · · · < k1, (1.2)

and define the exponential sum fk(α;P,R) by

fk(α;P,R) =
∑

x∈A(P,R)

e(α1x
k1 + · · ·+ αtx

kt), (1.3)

where e(z) denotes e2πiz. We define Ss(P,R) = S
(k)
s (P,R) by

S(k)
s (P,R) =

∫
Tt
|fk(α;P,R)|2sdα, (1.4)

where Tt denotes the t-dimensional unit cube. We note that by orthogonality, Ss(P,R) is equal to the
number of solutions of the system of diophantine equations

s∑
i=1

(x
kj
i − y

kj
i ) = 0 (1 ≤ j ≤ t), (1.5)

with xi, yi ∈ A(P,R) (1 ≤ i ≤ s).
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Our estimates for Ss(P,R) are established through iterative procedures similar to those of Vaughan
and Wooley [19, 20, 23]. In order to explain such methods, it is convenient to describe some notation
with which to discuss bounds for the mean values Ss(P,R). We shall say that an exponent λs = λs,k is
permissible whenever the exponent has the property that for each ε > 0, there exists a positive number
η = η(ε, s,k) such that whenever R ≤ P η, one has

S(k)
s (P,R)�ε,s,k P

λs,k+ε. (1.6)

Permissible exponents certainly exist, since for each s the estimate S
(k)
s (P,R) ≤ P 2s is trivial. In

our applications we take R = P η with η small and positive. In such circumstances the bound
card(A(P,R))�η P leads via a standard argument (see, for example, [25]) to the lower bound

S(k)
s (P,R)�s,k,η P

s + P 2s−
∑t
i=1 ki , (1.7)

whence whenever the exponent λs,k is permissible, one has λs,k ≥ 2s −
∑t
i=1 ki. We note that by

considering products of local densities, for s > k1 + · · · + kt one expects that the exponent λs,k =

2s−
∑t
i=1 ki should be permissible.

In its most basic form, the efficient differencing process which we develop in §§2, 3 and 4, leads to
very simple, yet useful bounds for permissible exponents. In §5 we establish the following theorem.

Theorem 1. Let k1, . . . , kt be integers satisfying (1.2). Suppose that r is an integer with 1 < r ≤ t+ 1,
and that s is a positive integer with s ≡ r (mod t). Then the exponent

λs,k = 2s−
t∑
i=1

ki + ∆s

is permissible, where

∆s =

(
t∑
i=1

ki − r

)
(1− 1/k1)(s−r)/t.

When t = 1, Theorem 1 provides the same conclusion as Vaughan [19], Theorem 7.1. We note that
Karatsuba has stated a similar theorem ([13], Theorem 1) which provides estimates for Ss(P,R), with
a modest condition on s, in the more restricted range of R satisfying logR = o(logP ). Karatsuba
provides no details of the proof of his theorem, but notes that his argument emulates Linnik’s so-called
“p-adic” approach to Vinogradov’s mean value theorem (see [14]). In common with previous work
on mean values of exponential sums over smooth numbers, our proof of Theorem 1 is also motivated
by Linnik’s p-adic method. However, serious obstacles must be negotiated in order to obtain the full
strength of Theorem 1 above.

In §6 we exploit the full power of our repeated efficient differencing method, thereby improving
substantially the estimates provided by Theorem 1 (and also, in consequence, the estimates of Karatsuba
[13], Theorem 1). Our conclusions are somewhat complicated to describe in their most precise form,
and so we defer their enunciation to §6. Fortunately, however, it is possible to obtain simple estimates
of considerable utility, the first of which we describe in Theorem 2 below.

Theorem 2. Let k1, . . . , kt be integers satisfying (1.2). Write

s0 = 1
2 tk1 (log(tk1)− 2 log log k1) ,

and when s is a positive integer, define the exponent ∆s by

∆s =

{
tk1e

2−2s/(tk1), when 1 ≤ s ≤ s0,

e3(log k1)2 (1− 1/k1)
(s−s0)/t

, when s > s0.
(1.8)

Then there exists an absolute constant K1 such that whenever k1 ≥ K1, the exponent λs,k = 2s −∑t
i=1 ki + ∆s is permissible.

Observe that Theorem 2 yields permissible exponents λs = 2s −
∑t
i=1 ki + ∆s with ∆s behaving

roughly like tk1e
−2s/(tk1). Meanwhile Theorem 1 yields a similar conclusion with ∆s behaving in most

circumstances like tk1e
−s/(tk1), and consequently Theorem 2 is about twice as powerful as Theorem 1

in applications. We note that while the factor e3 occurring in definition (1.8) can be somewhat reduced
with greater effort, such an improvement does not have significant consequences.

When t is no larger than about (log(k1 . . . kt))
1/2

and s is sufficiently large, an alternative strategy
leads us in §6 to a conclusion which usually provides estimates for permissible exponents λs superior to
those stemming from Theorem 2.
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Theorem 3. Let t ≥ 2, and let k1, . . . , kt be integers satisfying (1.2). Write

s1 =
[

1
2k1

(
log(k1k2 . . . kt) + 3t2

)]
, (1.9)

and when s is an integer exceeding s1 with s ≡ s1 (mod t), define the exponent ∆s by

∆s = (log k1)2(1− 1/k1)(s−s1)/t. (1.10)

Then there exists an absolute constant K2 such that whenever k1 ≥ K2, the exponent λs,k = 2s −∑t
i=1 ki + ∆s is permissible.

Theorem 3 is particularly effective when only a small number of the ki are large, since in such
circumstances log(k1 . . . kt) is substantially smaller than t log k1.

In the second part of this paper we consider several applications of our new mean value estimates.
In §7 we establish upper bounds for smooth Weyl sums of use on the minor arcs in applications of the
Hardy-Littlewood method. In Theorem 4 we provide such bounds for multi-dimensional exponential
sums.

Theorem 4. When k1, . . . , kt are integers satisfying (1.2), and µ is a positive real number, denote by
mµ the set of α ∈ Rt such that whenever a ∈ Zt, q ∈ N,

(a1, . . . , at, q) = 1 and |αi − ai/q| ≤ q−1Pµ−kiRt−1 (1 ≤ i ≤ t), (1.11)

then one has q > PµRt. Suppose that t is an integer exceeding 1, and that λ is a real number with
0 < λ ≤ 1/t. Suppose further that the numbers ∆s (s ∈ N) have the property that for each s the

exponent λs,k = 2s−
∑t
i=1 ki + ∆s is permissible. Then for each ε > 0, there exists a positive number

η = η(ε, λ,k) such that whenever R ≤ P η, one has

sup
α∈mtλ

|fk(α;P,R)| � P 1−σ(k;λ)+ε,

where

σ(k;λ) = max
2s≥k1+1

λ− (1− λ)∆s

2s
. (1.12)

When the argument of the exponential sum fk(α;P,R) takes the shape αψ(x), with ψ(x) ∈ Z[x],
one can obtain a sharper conclusion. We define some further notation at this point for the sake of
convenience. When ai ∈ Z (1 ≤ i ≤ t) we write ψk(x; a) = a1x

k1 + · · ·+ atx
kt , and define

gk(α;P,R) =
∑

x∈A(P,R)

e(αψk(x; a)). (1.13)

Theorem 5. Suppose that k1, . . . , kt are integers satisfying (1.2), and when µ is a positive real number,
denote by nµ the set of α ∈ R such that whenever a ∈ Z, q ∈ N, (a, q) = 1 and |α − a/q| ≤ q−1Pµ−k1 ,
then one has q > |a1|PµR. Suppose that λ is a positive real number with 0 < λ ≤ 1

2 . Then with σ(k;λ)
defined by (1.12), for each ε > 0, there exists a positive number η = η(ε, λ,k) such that whenever
R ≤ P η,

sup
α∈nλ

|gk(α;P,R)| � P 1−σ(k;λ)+ε.

There are immediate applications of Theorems 4 and 5 to problems concerning localised estimates
for the fractional parts of polynomials. Thus, in Theorem 6 we provide estimates for min1≤n≤N ‖f(n)‖,
where f(n) is a polynomial and ‖x‖ denotes miny∈Z |x− y|.

Theorem 6. Let k1, . . . , kt be integers satisfying (1.2), and let α ∈ Rt. Suppose that the numbers ∆s

(s ∈ N) have the property that for each s the exponent λs,k = 2s −
∑t
i=1 ki + ∆s is permissible, and

define τ(k) by

τ(k) = max
2s≥k1+1

1− (t− 1)∆s

2st+ 1 + ∆s
.



4 TREVOR D. WOOLEY

Then for each ε > 0 there is a real number N0 = N0(k, ε, t) such that whenever N > N0,

min
1≤n≤N

‖α1n
k1 + · · ·+ αtn

kt‖ < Nε−τ(k).

Moreover, if the αi are in rational ratio, so that α = αa for some rational t-tuple a and real number
α, then for each ε > 0 there is a real number N1 = N1(k, ε, t) such that whenever N > N1,

min
1≤n≤N

‖α1n
k1 + · · ·+ αtn

kt‖ < Nε−σ(k;1/2),

where σ(k;λ) is defined as in (1.12).

It seems worthwhile to record the bounds stemming from Theorems 4, 5 and 6 for large k1 in the
following theorem.

Theorem 7. Suppose that k1, . . . , kt are integers satisfying (1.2), and that k1 is large. Define σi(k)
(i = 1, 2) by

σ1(k)−1 = tk1 min
{
t(log k1 + 3 log t), 3t2 + 6t log log k1 + log(k1 . . . kt)

}
,

and
σ2(k)−1 = 2k1 min

{
t(log k1 + log t), 3t2 + 6t log log k1 + log(k1 . . . kt)

}
.

(i) Defining m1 and n1/2 as in the statements of Theorems 4 and 5, for each ε > 0, there exists a
positive number η = η(ε,k) such that whenever R ≤ P η,

sup
α∈m1

|fk(α;P,R)| � P 1−(1+o(1))σ1(k)+ε

and
sup

α∈n1/2

|gk(α;P,R)| � P 1−(1+o(1))σ2(k)+ε.

(ii) Let α ∈ Rt. Then for each ε > 0 there is a real number N0 = N0(k, ε, t) such that whenever
N > N0,

min
1≤n≤N

‖α1n
k1 + · · ·+ αtn

kt‖ � Nε−(1+o(1))σ1(k).

Moreover if the αi are in rational ratio then σ1(k) may be replaced by σ2(k) in the latter conclusion.

For comparison, Corollary 1.3 of Wooley [24] improves on Theorem 4.5 of Baker [1] to provide the
conclusion

min
1≤n≤N

‖α1n+ · · ·+ αkn
k‖ � Nε−σ3(k),

with σ3(k)−1 ∼ 4k2 log k, and Theorem 1.2 of Wooley [28] yields

min
1≤n≤N

‖αnk‖ � Nε−σ4(k),

with σ4(k)−1 ∼ k log k (similar conclusions hold for the corresponding estimates for Weyl sums, and
smooth Weyl sums, in the respective cases). It follows, in particular, that Theorem 7 improves on the

estimates available hitherto for t in the range 2 ≤ t ≤ k
1/2
1 . In order to discuss these improvements

further it is convenient to introduce some nomenclature. We will describe a polynomial f(x;α) =∑t
i=1 αix

ki as being of weight t if the total number of non-zero coefficients is t. Thus a non-trivial
polynomial with non-zero degree k has weight between 1 and k (note that we assume the constant
term of the polynomial to be zero for the purposes of these deliberations). Further, we will refer to the
polynomial f as being d-lite if k1, . . . , kt satisfy (1.2) and d > k2. Thus every polynomial of degree k is k-
lite, and the monomial xk is 1-lite. We note that in those situations where ψ(x;α) has weight t with t =

o(
√

log(k1 . . . kt)), one has σ1(k)−1 = (1+o(1))tk1 log(k1 . . . kt) and σ2(k)−1 = (2+o(1))k1 log(k1 . . . kt),
and so when the ki are suitably distributed, Theorem 7 yields substantial improvements over the
previous state of knowledge. For example, when ψ(x;α) has weight t with t = o(

√
log k1), and is d-lite

with log d = O(t), then a simple calculation reveals that σ2(k)−1 = (2 + o(1))k1 log k1, and thus the
conclusions of Theorem 7 are of similar strength to results obtained hitherto for the monomial αxk1 .

In §8 we turn our attention to unlocalised estimates for fractional parts of polynomials. We refer
the reader to §8 for the details of the exponential sum estimates required in our argument, and instead
record the conclusions of that argument in Theorem 8 below.
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Theorem 8. Let k1, . . . , kt be integers satisfying (1.2), and let α be a real t-tuple with the property
that αi is irrational for 1 ≤ i ≤ t. Suppose that the numbers ∆s (s ∈ N) have the property that for each

s the exponent λs,k = 2s−
∑t
i=1 ki + ∆s is permissible. Then for each ε > 0 there are infinitely many

n ∈ N with
‖α1n

k1 + · · ·+ αtn
kt‖ ≤ nε−α(k), (1.14)

where

α(k) = max
s∈N

k1 − 2∆s

4s2
.

Moreover, if the αi are in rational ratio, so that α = αa for some rational t-tuple a and real number
α, then for each ε > 0 there are infinitely many n ∈ N with

‖α1n
k1 + · · ·+ αtn

kt‖ ≤ nε−max{α(k),β(k)},

where

β(k) = max
s∈N
s≥t

K − 2∆s

4s2
,

and K =
∑t
i=1 max {0, 2ki − k1}.

We illustrate the consequences of Theorem 8 with the following corollary.

Corollary 8.1. When t > 1 and k1 is large, the conclusion (1.14) of Theorem 8 holds with

α(k)−1 = t2k1(log t+ log log t+ 7)2.

Moreover, if the polynomial α1x
k1 + · · · + αtx

kt is d-lite with d = o(
√
k1), then (1.14) holds with

α(k)−1 = (γ + o(1))k1, where γ = 9.0267256... is defined by γ = (ω + logω − 1)2/(1− 2ω), in which ω
is the unique positive solution of the equation ω + 2− ω−1 = logω.

We note that the second conclusion of Corollary 8.1 is of the same strength as that obtained in [26],
Corollary 1 to Theorem 1.1 for the monomial αxk1 . We note also that when the αi are in rational ratio,
and the ki are of size comparable to k1, then the second part of Theorem 8 yields an exponent β(k)
with β(k)−1 � tk1.

Finally, in §§9 and 10, we investigate the consequences of our new mean value estimates for Waring’s
problem with polynomial summands, a problem which has experienced little progress since work 40
years ago of Hua [8, 9, 10, 11], Nečaev [15, 16, 17] and Chen [2]. In order to describe our conclusions
we require some notation. Let g(x) be a polynomial with rational coefficients taking integral values
whenever the argument, x, is an integer. Suppose that the degree of g(x) is k, and that its leading
coefficient is the non-zero rational number a. When s is a natural number and n is a positive integer,
let Rs,g(n) denote the number of representations of n in the form

g(x1) + · · ·+ g(xs) = n, (1.15)

with the xi non-negative integers. Then when s is sufficiently large in terms of k, one may apply the
Hardy-Littlewood method to obtain the asymptotic formula

Rs,g(n) = a−s/k
Γ(1 + 1/k)s

Γ(s/k)
Ss,g(n)ns/k−1 + o(ns/k−1), (1.16)

where Ss,g(n) denotes the singular series, defined by

Ss,g(n) =

∞∑
q=1

q∑
a=1

(a,q)=1

(
q−1Sg(q, a)

)s
e(−an/q), (1.17)

where

Sg(q, a) =

q∑
r=1

e (ag(r)/q) . (1.18)
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When g(x) = xk the formula (1.16) is known to hold for s ≥ s0(k), where s0(k) ∼ k2 log k (see
[3]). In this case, moreover, (1.16) is genuinely an asymptotic formula, since when s ≥ 4k the singular
series (1.17) converges absolutely to a positive number bounded away from zero (see [18], Theorem
4.6). Unfortunately the behaviour of the singular series is considerably more complicated for general
polynomials. Plainly, if for every integer x the polynomial g(x) is divisible by some integer d exceeding
1, then Ss,g(n) will be zero when d - n. Even those polynomials g(x) for which no such d exists may
exhibit complicated behaviour. Consider, for example, the polynomials Hk(x) defined by

Hk(x) = 2k−1Fk(x)− 2k−2Fk−1(x) + · · ·+ (−1)k−1F1(x),

where Fi(x) = x(x − 1) . . . (x − i + 1)/i! (1 ≤ i ≤ k). When k ≥ 5, Hua [11] has shown that for
s < 2k − 1

2 (1 − (−1)k), there is a certain arithmetic progression of integers n for which the equation
Hk(x1) + · · ·+Hk(xs) = n is locally insoluble, whence Ss,Hk(n) = 0.

Rather than consider the intricacies of the behaviour of the singular series in this problem, which is
hardly the point of the present paper, we refer the reader to Chapters 1–3 of Nečaev [16], and remark
only that Hua [11] has shown that when g has degree k and s ≥ (k − 1)2k+1, then Ss,g(n) �g 1. We

proceed along simpler lines, defining G(g) to be the least number s satisfying the property that given a
positive number δ, all sufficiently large numbers n with Ss,g(n) > δ are represented in the form (1.15).

In §§9 and 10 we apply Theorems 2, 3 and 5 to obtain the following estimates for G(g).

Theorem 9. Let g(x) be a polynomial with rational coefficients taking integral values whenever the
argument, x, is an integer. Suppose that g has degree k and weight t. Then

G(g) ≤ 2k(log k + log t+ log log k +O(1)).

Suppose further that g(x) =
∑t
i=1 aix

ki , with k1, . . . , kt satisfying (1.2), and that the ai are non-zero.

(i) If t = o
(√

log(k1 . . . kt)
)

, then G(g) ≤ (1 + o(1))k1 log(k1 . . . kt).

(ii) If g is d-lite with d = o (log k1/ log log k1), then G(g) ≤ (1 + o(1))k1 log k1.

We note that a standard argument involving the use of diminishing ranges combined with Vino-
gradov’s estimates for exponential sums yields the bound G(g) ≤ (4 + o(1))k log k for any polynomial
g of degree k. Meanwhile, in the classical version of Waring’s problem, in which g(x) = xk, the best
available bound for G(g) is G(g) ≤ k(log k+log log k+2+o(1)) (see Theorem 1.4 of Wooley [28]). Thus
the first bound of Theorem 9 interpolates between the latter two bounds for polynomials with weight
a power of k, and the final bound is essentially as strong as the best that can be proved for the special
case of a monomial.

This paper has benefitted from conversations with a number of people over the several years it took to
complete, and the author gladly thanks them all. The author gratefully acknowledges the many helpful
comments of the referee. The first version of this paper was drafted during my first year of graduate
studies at Imperial College, London, directed by Professor R. C. Vaughan, and partly supported by a
grant from the SERC (now the EPSRC).

Part I. Mean Value Estimates

2. Some preliminary lemmata

Our first goal in this section is an analogue of Linnik’s Lemma suitable for our application in §3.
The argument we use to establish this result is an elaboration on the treatments of [24], Lemma 2.2
and [27], Lemma 2.1. Fundamental to our argument is the use of Lemma 2.1 below, which is closely
related to Bézout’s Theorem.

Lemma 2.1. Let f1, . . . , fd be polynomials in Z[x1, . . . , xd] with respective degrees k1, . . . , kd, and write

J(f ; x) = det

(
∂fj
∂xi

(x)

)
1≤i,j≤d

.

When p is a prime number, and s is a natural number, let N (f ; ps) denote the number of solutions of
the simultaneous congruences

fj(x1, . . . , xd) ≡ 0 (mod ps) (1 ≤ j ≤ d),
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with 1 ≤ xi ≤ ps (1 ≤ i ≤ d) and (J(f ; x), p) = 1. Then N (f ; ps) ≤ k1 . . . kd.

Proof. This is Theorem 1 of [29].

In order to describe our analogue of Linnik’s Lemma, we shall require some notation. Let r, t and
k1, . . . , kt be natural numbers satisfying (1.2), and let f1, . . . , ft be polynomials in Z[x1, . . . , xr]. When
d is an integer with 1 ≤ d ≤ min{t, r}, define the Jacobian determinant Jd(f ; x) by

Jd(f ; x) = det

(
∂fi
∂xj

(x)

)
1≤i,j≤d

. (2.1)

When k and m are positive integers, and u ∈ Zt, define Bk
k,d(m; u; f) to be the set of solutions of the

simultaneous congruences

fj(x1, . . . , xr) ≡ uj (mod mkj ) (1 ≤ j ≤ t),

with x1, . . . , xr distinct modulo mk, and satisfying the condition (Jd(f ; x),m) = 1. Finally, define the
function ω(k; k, r, d) by

ω(k; k, r, d) = (r − d)k +
∑
j∈I

(k − kj), (2.2)

where I = I(k; k, d) denotes the set of those indices j for which kj < k and 1 ≤ j ≤ d.

Lemma 2.2. Suppose that f1, . . . , ft are polynomials in Z[x1, . . . , xr] with degrees bounded in terms of
k1, . . . , kt alone. Suppose also that 1 ≤ d ≤ min{t, r}. Then

card
(
Bk
k,d(m; u; f)

)
�ε,k m

ω(k;k,r,d)+ε.

Proof. We start with the trivial observation that

card
(
Bk
k,d(m; u; f)

)
≤ card

(
Bk∗

k,d(m; u; f)
)
,

where k∗i = min{k, ki} (1 ≤ i ≤ t). It is well-known that the number of prime divisors of an integer
m with m ≥ 3 is O(logm/ log logm) (see, for example, §22.10 of Hardy and Wright [4]). Thus, by the
Chinese Remainder Theorem, it suffices to show that for any prime p, and each positive integer h,

card
(
Bk∗

k,d(p
h; u; f)

)
�k

(
ph
)ω(k;k,r,d)

. (2.3)

When v is a positive integer, define hj(v) to be v when 1 ≤ j ≤ d, and to be 1 otherwise. We start by
considering Csv(p; a; b), which for d ≤ s ≤ r we define to be the number of solutions (z1, . . . , zs) distinct
modulo pv of the system of congruences

fj(z1, . . . , zs, b1, . . . , br−s) ≡ aj (mod phj(v)) (1 ≤ j ≤ t), (2.4)

with (z1, . . . , zs) satisfying the condition (Jd(f ; z), p) = 1. Notice that Csv(p; a; b) is independent of b
when s = r. In such circumstances we abbreviate Crv(p; a; b) to Crv(p; a). We bound Bk∗

k,d through the
inequality

card
(
Bk∗

k,d(p
h; u; f)

)
≤
∑
a

Crkh(p; a), (2.5)

where the summation is over (a1, . . . , at) ∈ Zt with

aj ≡ uj (mod phmin{kj ,k}) and 1 ≤ aj ≤ pkh (1 ≤ j ≤ d),

and

aj ≡ uj (mod p) and 1 ≤ aj ≤ p (d+ 1 ≤ j ≤ t).
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Define I = I(k; k, d) as in the preamble to this lemma. Then when 1 ≤ j ≤ d and j 6∈ I (if any such
j exists), we have min{kj , k} = k. Therefore for each u the total number of choices for a is phα, where

α =
∑
j∈I

(k − kj). (2.6)

Now observe that by assigning the variables b1, . . . , br−s arbitrarily in the system (2.4), it follows that
when d ≤ s ≤ r and a ∈ Zt, one has

Crv(p; a) ≤ p(r−s)v max
b∈Zr−s

Csv(p; a; b).

Thus by (2.5),

card
(
Bk∗

k,d(p
h; u; f)

)
≤ ph(α+k(r−d)) max

a∈Zt
max

b∈Zr−d
Cdkh(p; a; b). (2.7)

Moreover, for each b ∈ Zr−d, it follows from Lemma 2.1 that Cdkh(p; a; b)�k 1, and thus (2.3) follows
from (2.2), (2.6) and (2.7). This completes the proof of the lemma.

Next we provide an estimate related to the number of real singular solutions of a system of additive
equations. Before stating our estimate in Lemma 2.3 below, we require some notation. Suppose that
t and r are positive integers with r ≤ t, and that ψ1, . . . , ψt are polynomials in Z[x] satisfying the
condition

deg(ψ1) > deg(ψ2) > · · · > deg(ψr) > 0.

When I and J are sets with I ⊂ {1, 2, . . . , 2r}, J ⊆ {1, 2, . . . , t} and card(I) = card(J ), define the
Jacobian determinant J(I,J ;ψ) by

J(I,J ;ψ) = det
(
ψ′j(zi)

)
i∈I,j∈J .

When d is an integer with 1 ≤ d ≤ r, denote by I∗d the set of all subsets {j1, . . . , jd} of {1, 2, . . . , 2r}
with 1 ≤ j1 < j2 < · · · < jd ≤ 2r, and write Jd for the set {1, 2, . . . , d}. We will say that the 2r-tuple
of integers z = (z1, . . . , z2r) is highly singular for ψ if for each I ∈ I∗r one has J(I,Jr;ψ) = 0. Further,
when 1 ≤ d ≤ r − 1, we will say that z is of type d with respect to ψ if for some I ∈ I∗d we have

J(I,Jd;ψ) 6= 0, (2.8)

and in addition, for each i ∈ {1, 2, . . . , 2r} \ I we have

J(I ∪ {i},Jd+1;ψ) = 0. (2.9)

We remark that it is an easy exercise, using standard properties of determinants, to show that the type
of a 2r-tuple z is unique, which is to say that z cannot be of type d, and of type d′, with d 6= d′. Finally,
we denote by Sr(P ;ψ) the set of 2r-tuples (z1, . . . , z2r), with

1 ≤ zi ≤ P (1 ≤ i ≤ 2r), (2.10)

which are highly singular for ψ.

Lemma 2.3. Adopt the notation of the previous paragraph, and denote by ki the degree of ψi (1 ≤ i ≤ t).
Then card (Sr(P ;ψ))�r,k P

r−1.

Proof. When d is an integer with 1 ≤ d ≤ r − 1, denote by Td(P ;ψ) the set of 2r-tuples z, satisfying
(2.10), of type d with respect to ψ. Further, denote by T0(P ;ψ) the set of 2r-tuples z for which
J(I,J1;ψ) = 0 for each I ∈ I∗1 . Consider a 2r-tuple z counted by Sr(P ;ψ) which does not lie in
T0(P ;ψ). Then J(I,Jr;ψ) = 0 for each I ∈ I∗r , and there is some I ∈ I∗1 with J(I,J1;ψ) 6= 0. It
follows from the definition that z is of type d with respect to ψ for some integer d with 1 ≤ d ≤ r − 1,
and hence that

card (Sr(P ;ψ)) ≤
r−1∑
d=0

card (Td(P ;ψ)) . (2.11)
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Observe next that if z ∈ T0(P ;ψ), then necessarily

ψ′1(zi) = 0 (1 ≤ i ≤ 2r). (2.12)

But ψ1(z) is a polynomial with degree at least 1, so that ψ′1(z) is a non-trivial polynomial with at most
k1 − 1 roots. It therefore follows from (2.12) that

card (T0(P ;ψ)) ≤ (k1 − 1)2r �r,k 1. (2.13)

Next let d be an integer with 1 ≤ d ≤ r − 1, and consider those z satisfying (2.10) of type d with
respect to ψ. The number of subsets of {1, 2, . . . , 2r} of cardinality d is

(
2r
d

)
. Fix I to be any one such

subset, and suppose that i ∈ {1, 2, . . . , 2r} \ I. A trivial estimate shows that the number of choices
of zl (l ∈ I) satisfying (2.8) is at most P d. Fix any one such choice of zl (l ∈ I), and suppose that
the leading coefficient of the polynomial ψ′d+1(z) is A. Then the leading coefficient, with respect to zi,
of J(I ∪ {i},Jd+1;ψ) is AJ(I,Jd;ψ). By (2.8), therefore, the equation (2.9) is non-trivial in zi, and
hence the number of possible choices for zi is at most

deg
(
ψ′d+1(z)

)
= kd+1 − 1.

Moreover such holds for each i ∈ {1, 2, . . . , 2r} \ I. Consequently, for each d with 1 ≤ d ≤ r− 1 one has

card (Td(P ;ψ))�r,k P
d. (2.14)

The lemma now follows immediately on combining (2.11), (2.13) and (2.14).

Finally, we recall an estimate for the number of integers in an interval with a given square-free kernel.
Given an integer v with canonical prime factorisation

∏t
i=1 p

ri
i , denote by s0(v) the square-free kernel

of v, that is
∏t
i=1 pi.

Lemma 2.4. Suppose that L is a positive real number and r is a positive integer with log r � logL.
Then for each ε > 0,

card {y ≤ L : s0(y) = s0(r)} �ε L
ε.

Proof. This is Lemma 2.1 of Wooley [23].

3. The fundamental lemma

We aim to establish a fundamental lemma of a form similar to that of [22] (see [23], Lemma 2.2). We
first record some notation and conventions. We use vector notation for brevity; for example (c1, . . . , ct)
will be abbreviated to c. We write [x] for the greatest integer not exceeding x. Also, we use p to denote
a prime number, and write ps‖n when ps|n but ps+1 - n. We take k1, . . . , kt to be fixed positive integers
satisfying (1.2). Throughout, s will denote a positive integer, and ε and η will denote sufficiently small
positive numbers. We take P to be a large positive real number depending at most on k, s, ε and η.
The implicit constants in Vinogradov’s well-known notation, � and �, will depend at most on k, s, ε
and η. We write f � g to denote that f � g and g � f . We adopt the following convention concerning
the numbers ε and R. Whenever ε or R appear in a statement, either implicitly or explicitly, we assert
that for each ε > 0, there exists a positive number η(ε, s,k) such that the statement holds whenever
R ≤ P η. Note that the “value” of ε, and of η, may change from statement to statement, and hence also
the dependency of implicit constants on ε and η. We observe that since our methods will involve only
a finite number of statements (depending at most on k, s and ε), there is no danger of losing control of
implicit constants through the successive changes implicit in our arguments.

Let r be a positive integer with 1 ≤ r ≤ t, and let Ψi(z; c) (1 ≤ i ≤ t) denote polynomials with
integer coefficients in the variables z, c1, . . . , cu. Suppose further that with respect to z, the polynomials
Ψi(z; c) have non-vanishing leading coefficients, and satisfy the condition

deg (Ψi(z; c)) > deg (Ψi+1(z; c)) (1 ≤ i < r).

Define the Jacobian Jr(z; c) by

Jr(z; c) = det

(
∂Ψi

∂zj
(zj ; c)

)
1≤i,j≤r

.
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Let Q be a real number with R ≤ Q ≤ P , and let Ci, C
′
i (1 ≤ i ≤ u) be real numbers with

1 ≤ C ′i ≤ Ci � P . We write

C̃ =
u∏
i=1

Ci.

Let D1(c), . . . , Dt(c) denote polynomials in Z[c1, . . . , cu] with total degrees bounded in terms of k, and
satisfying the property that Di(c) 6= 0 for C ′i < ci ≤ Ci (1 ≤ i ≤ u). Denote by

Ss,r(P,Q,R) = S(k)
s,r (P,Q,R; Ψ; C,C′; D) (3.1)

the number of solutions of the simultaneous equations

r∑
n=1

ηn (Ψi(zn; c)−Ψi(wn; c)) +Di(c)

s∑
m=1

(xkim − ykim ) = 0 (1 ≤ i ≤ t), (3.2)

with
xm, ym ∈ A(Q,R) (1 ≤ m ≤ s), C ′j < cj ≤ Cj (1 ≤ j ≤ u), (3.3)

1 ≤ zn, wn ≤ P and ηn ∈ {+1,−1} (1 ≤ n ≤ r). (3.4)

Further, denote by

S̃s,r(P,Q,R) = S̃(k)
s,r (P,Q,R; Ψ; C,C′; D)

the number of solutions of the system (3.2) with (3.3), (3.4), and the additional conditions Jr(z; c) 6= 0
and Jr(w; c) 6= 0. For a given real number θ with 1 < P θ < Q1/2−ε, let

Ts,r(P,Q,R; θ) = T (k)
s,r (P,Q,R; θ; Ψ; C,C′; D) (3.5)

denote the number of solutions of the simultaneous diophantine equations

r∑
n=1

ηn (Ψi(zn; c)−Ψi(wn; c)) +Di(c)qki
s∑

m=1

(ukim − vkim ) = 0 (1 ≤ i ≤ t), (3.6)

with z,w, c,η satisfying (3.3), (3.4), and

P θ < q ≤ P θR, um, vm ∈ A(QP−θ, R) (1 ≤ m ≤ s), (3.7)

and
(Jr(z; c), q) = (Jr(w; c), q) = 1. (3.8)

In Lemma 3.1 below, through a substantial elaboration of the argument of the proof of [23], Lemma

2.2, we bound Ss,r in terms of Ts,r and S̃s−1,r.

Lemma 3.1. Let s ∈ N, and suppose that θ = θ(r, s,k; Ψ) satisfies 1 < P θ < Q1/2−ε. Then there
exists a positive number η = η(ε, s,k) such that whenever exp((log logP )2) < R ≤ P η,

Ss,r(P,Q,R)�Ψ QP θ+εS̃s−1,r(P,Q,R) + P (2s−1)θ+εTs,r(P,Q,R; θ).

Proof. In order to facilitate our analysis, we initially classify the solutions of (3.2) counted by Ss,r(P,Q,R)
into three types. We let S1 denote the number of solutions of the system (3.2) satisfying (3.3) and (3.4)
for which there is a j with

min {xj , yj} ≤ P θ, (3.9)

let S2 denote the number of solutions for which z,w is highly singular for Ψ, and for which (3.9) holds
for no j, and let S3 denote the number of solutions for which z,w is not highly singular for Ψ, and for
which (3.9) holds for no j. Then plainly

Ss,r(P,Q,R) ≤ 3 max {S1, S2, S3} .
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We divide into cases.

(i) Suppose that S1 = max {S1, S2, S3}, so that Ss,r(P,Q,R) ≤ 3S1. Write

ψ(α;x) =
t∑
i=1

αiDi(c)xki and Φ(α; z, c) =
t∑
i=1

αiΨi(z; c).

Next define the exponential sums fc and Fc by

fc(α;L,R) =
∑

x∈A(L,R)

e(ψ(α;x)) and Fc(α;P,R) =
∑

1≤z≤P

e(Φ(α; z, c)),

and write

F̃c,η(α;P,R) =
r∏

n=1

Fc(ηnα;P,R).

Then by considering the underlying diophantine equations, we obtain

S1 �
∑
c,η

∫
Tt

∣∣∣F̃c,η(α;P,R)2fc(α;P θ, R)fc(α;Q,R)2s−1
∣∣∣ dα,

where the summation is over η satisfying (3.4) and c satisfying (3.3). Write 1 for the vector η =
(1, . . . , 1). Then by Hölder’s inequality,

Ss,r(P,Q,R)� I1(P θ)
1
2s I1(Q)1− 1

2s ,

where

I1(L) =
∑

c

∫
Tt

∣∣∣F̃c,1(α;P,R)2fc(α;L,R)2s
∣∣∣ dα.

By considering the underlying diophantine equations, we therefore deduce that

Ss,r(P,Q,R)�
(
Ss,r(P, P

θ, R)
) 1

2s (Ss,r(P,Q,R))
1− 1

2s ,

so that Ss,r(P,Q,R) � Ss,r(P, P
θ, R). Now observe that by counting only those solutions of (3.2) for

which xm = ym (1 ≤ m ≤ s), we obtain

Ss,r(P,Q,R)� Qs−εS0,r(P,Q,R).

On the other hand, counting the possible choices for xm, ym (1 ≤ m ≤ s) trivially, and considering the
mean value corresponding to (3.2), one obtains

Ss,r(P, P
θ, R)� P 2sθS0,r(P, P

θ, R) = P 2sθS0,r(P,Q,R).

Thus, since P θ < Q1/2−ε, we obtain

Qs−εS0,r(P,Q,R)� Ss,r(P,Q,R)� Qs−2sεS0,r(P,Q,R),

which provides a contradiction, since P and Q are sufficiently large. Thus we may suppose that S1 �
max {S2, S3}.

(ii) Suppose that S2 = max {S2, S3}. Then the conclusion of the preceding paragraph implies that
Ss,r(P,Q,R) � S2. By Lemma 2.3, the number of z and w satisfying (3.4), for which z,w is highly
singular for Ψ, is O(P r−1). Fix any one such choice of z, w, and any choice of c and η. Then by
considering the mean value corresponding to (3.2), and considering the underlying diophantine equa-
tions, one deduces that the number of choices for x and y, as one ranges across solutions z,w, c,x,y,η
counted by S2, is bounded above by∫

Tt
|fc(α;Q,R)|2sdα = Ss(Q,R).
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It follows that
S2 � P r−1C̃Ss(Q,R).

However, by counting only those solutions in which zn = wn (1 ≤ n ≤ r), we find that

Ss,r(P,Q,R)� P rC̃Ss(Q,R).

Consequently,

P rC̃Ss(Q,R)� Ss,r(P,Q,R)� S2 � P r−1C̃Ss(Q,R),

which again leads to a contradiction, since P is sufficiently large. Thus we may suppose that S2 � S3.

(iii) We now estimate S3. In view of the conclusions of the two previous cases, we may suppose that
Ss,r(P,Q,R) � S3. Consider any solution z,w, c,x,y,η with z,w not highly singular for Ψ, and for
which (3.9) holds for no j. Define the 2r-tuple ζ by writing ζi = zi and ζr+i = wi for 1 ≤ i ≤ r. By the
definition of highly singular, it follows that there exists a subset G of {1, 2, . . . , 2r} with card(G) = r,
and satisfying the property that

det
(
Ψ′j(ζi; c)

)
1≤j≤r, i∈G 6= 0.

Thus, by a rearrangement of variables, it follows that

Ss,r(P,Q,R)� S4, (3.10)

where S4 denotes the number of solutions of (3.2) with (3.3) and (3.4) in which Jr(z; c) 6= 0, and in
which (3.9) holds for no j. Notice that we do not preclude the possibility that Jr(w; c) = 0.

Write
F̃ ∗c,η(α;P,R) =

∑
z

e(η1Φ(α; z1, c) + · · ·+ ηrΦ(α; zr, c)),

where the summation is over z satisfying (3.4), with the additional condition that Jr(z; c) 6= 0. Also,
write

f∗c (α;Q,R;L) =
∑

x∈A(Q,R)
x>L

e(ψ(α;x)).

Then by considering the underlying diophantine equations, it follows from (3.10) that

Ss,r(P,Q,R)�
∑

c,η,ω

∫
Tt

∣∣∣F̃ ∗c,η(α;P,R)F̃c,ω(α;P,R)f∗c (α;Q,R;P θ)2s
∣∣∣ dα,

where the summation is over η,ω ∈ {+1,−1}r, and c satisfying (3.3). Thus, by the Cauchy-Schwarz
inequalities,

Ss,r(P,Q,R)� I
1/2
1 I

1/2
2 , (3.11)

where

I1 =
∑
c,η

∫
Tt

∣∣∣F̃ ∗c,η(α;P,R)2f∗c (α;Q,R;P θ)2s
∣∣∣ dα,

and

I2 =
∑
c,ω

∫
Tt

∣∣∣F̃c,ω(α;P,R)2f∗c (α;Q,R;P θ)2s
∣∣∣ dα.

Moreover, by considering the underlying diophantine equations, one has

I2 � Ss,r(P,Q,R).

On substituting the latter bound into (3.11) we deduce that

Ss,r(P,Q,R)� I1. (3.12)

Also, on considering the underlying diophantine equations, we have

I1 ≤ I3, (3.13)
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where I3 denotes the number of solutions of (3.2) with (3.3) and (3.4) in which Jr(z; c) 6= 0, Jr(w; c) 6= 0,
and in which (3.9) holds for no j.

We now classify the solutions counted by I3 into two types. For the sake of convenience, we write
xD(L)y to denote that there is some divisor d of x with d ≤ L such that x/d has all of its prime divisors
amongst those of y. Let S5 denote the number of solutions counted by I3 for which

xjD(P θ)Jr(z; c) or yjD(P θ)Jr(w; c) (3.14)

for at least one j, and let S6 denote the number of solutions counted by I3 for which (3.14) holds for
no j. Then it follows from (3.12) and (3.13) that

Ss,r(P,Q,R)� S5 + S6.

We divide into further cases.

(iv) Suppose that S5 = max {S5, S6}, so that Ss,r(P,Q,R)� S5. Given z and c satisfying (3.3) and
(3.4) with Jr(z; c) 6= 0, denote by S(z; c) the set of positive integers x such that x ≤ Q, and x has a
divisor d with d ≤ P θ satisfying the condition that x/d has all of its prime divisors amongst those of
Jr(z; c). Let

H̃c,η(α;P,Q,R) =
∑

z

∑
x∈S(z;c)

e(Ξ(α;x, z, c;η)),

where the summation is over z satisfying (3.4) with Jr(z; c) 6= 0, and

Ξ(α;x, z, c;η) =

t∑
i=1

αi
(
Di(c)xki + η1Ψi(z1; c) + · · ·+ ηrΨi(zr; c)

)
.

Then

S5 �
∑

c,η,ω

∫
Tt

∣∣∣H̃c,η(α;P,Q,R)F̃ ∗c,ω(α;P,R)f∗c (α;Q,R;P θ)2s−1
∣∣∣ dα,

so that by Schwarz’s inequality, on considering the underlying diophantine equations,

S5 � (Ss,r(P,Q,R))
1/2

I
1/2
4 , (3.15)

where

I4 =
∑
c,η

∫
Tt

∣∣∣H̃c,η(α;P,Q,R)2f∗c (α;Q,R;P θ)2s−2
∣∣∣ dα.

Thus, by considering the underlying diophantine equations, we deduce from (3.15) that

Ss,r(P,Q,R)�
∑
g,h

∑
c

V (g, h; c), (3.16)

where V (g, h; c) denotes the number of solutions of the system

r∑
n=1

ηn (Ψi(zn; c)−Ψi(wn; c)) +Di(c)
s−1∑
m=1

(
xkim − ykim

)
= Di(c)

(
(ey)ki − (dx)ki

)
(1 ≤ i ≤ t),

with z,w,x,y,η, d, e satisfying (3.3) and (3.4), and subject to

Jr(z; c) 6= 0, Jr(w; c) 6= 0, g|Jr(z; c), h|Jr(w; c),

1 ≤ d, e ≤ P θ, x ≤ Q/d, y ≤ Q/e, s0(x) = g, s0(y) = h.

Let
Gc,η,g(α;P,R) =

∑
z

e(Ξ(α; 0, z, c;η)),
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where the summation is over z satisfying (3.4), and subject to Jr(z; c) 6= 0 and g|Jr(z; c). Write

Gc,η(α) =
∑
g≤Q

Gc,η,g(α;P,R)
∑
d≤P θ

∑
x≤Q/d
s0(x)=g

e

(
t∑
i=1

αiDi(c)(dx)ki

)
. (3.17)

Here, if g is not squarefree, we understand the third summation in (3.17) to be empty. Then by (3.16),
on considering the underlying diophantine equations,

Ss,r(P,Q,R)�
∑
c,η

∫
Tt

∣∣Gc,η(α)2fc(α;Q,R)2s−2
∣∣ dα. (3.18)

But by Cauchy’s inequality,
|Gc,η(α)|2 ≤ H1,c,η(α)H2,c(α), (3.19)

where
H1,c,η(α) =

∑
g≤Q

|Gc,η,g(α;P,R)|2 , (3.20)

and

H2,c(α) =
∑
g≤Q

∣∣∣∣∣∣∣∣
∑
d≤P θ

∑
x≤Q/d
s0(x)=g

e

(
t∑
i=1

αiDi(c)(dx)ki

)∣∣∣∣∣∣∣∣
2

.

Moreover, by interchanging the order of summation, and applying Cauchy’s inequality in combination
with Lemma 2.4 (as in the argument of the proof of [23], Lemma 2.2 part (iii)), we obtain

H2,c(α) =
∑
g≤Q

∣∣∣∣∣∣∣∣
∑
x≤Q

s0(x)=g

∑
d≤P θ
d≤Q/x

e

(
t∑
i=1

αiDi(c)(dx)ki

)∣∣∣∣∣∣∣∣
2

� P ε
∑
g≤Q

∑
x≤Q

s0(x)=g

P θQ/x

� QP θ+ε. (3.21)

On combining (3.18)-(3.21), we deduce that

Ss,r(P,Q,R)� QP θ+ε
∫
Tt

∑
c,η

∑
g≤Q

∣∣Gc,η,g(α;P,R)2fc(α;Q,R)2s−2
∣∣ dα.

But by considering the underlying diophantine equation, and using standard estimates for the divisor
function, we find that the integral on the right hand side of the last inequality is

� P εS̃s−1,r(P,Q,R).

The desired conclusion now follows in the fourth case.

(v) Suppose that S6 ≥ max {S5, S6}, so that Ss,r(P,Q,R) � S6. For a given solution of (3.2)
satisfying (3.3) and (3.4) counted by S6, we have for every j,

xj > P θ and yj > P θ, (3.22)

Jr(z; c) 6= 0, Jr(w; c) 6= 0, (3.23)

and neither
xjD(P θ)Jr(z; c) nor yjD(P θ)Jr(w; c). (3.24)
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Consider a fixed index j. Let q be the greatest divisor of xj with the property that (q, Jr(z; c)) = 1.
If q ≤ P θ, then xjD(P θ)Jr(z; c), contradicting (3.24). Hence q > P θ, and since each prime divisor of
xj is at most R, there exists a divisor qj of xj with P θ < qj ≤ P θR, and satisfying (qj , Jr(z; c)) = 1.
We may do likewise with the yj . We therefore deduce that S6 � V1, where V1 denotes the number of
solutions of the system of equations

r∑
n=1

ηn (Ψi(zn; c)−Ψi(wn; c)) +Di(c)
s∑
j=1

(
(qjuj)

ki − (pjvj)
ki
)

= 0 (1 ≤ i ≤ t),

with z,w, c,η satisfying (3.3) and (3.4), and for j = 1, . . . , s with

P θ < qj , pj ≤ P θR, uj ∈ A(Q/qj , R), vj ∈ A(Q/pj , R) (3.25)

and
(qj , Jr(z; c)) = (pj , Jr(w; c)) = 1.

Let
Fc,η,q(α;P,R) =

∑
z

e (Ξ(α; 0, z, c;η)) ,

where the summation is over z satisfying (3.4) subject to (q, Jr(z; c)) = 1, and let

Fc,j(α) = fc(qkjα;Q/qj , R)fc(−pkjα;Q/pj , R),

where qkjα denotes (qk1j α1, . . . , q
kt
j αt), and similarly for pkjα. Then by considering the underlying

diophantine equations,

V1 ≤
∑
c,η

∫
Tt

∑
q,p

Fc,η,q̃(α;P,R)Fc,η,p̃(−α;P,R)
s∏
j=1

Fc,j(α)dα, (3.26)

where the summation is over q,p satisfying (3.25) and we have written q̃ = q1 . . . qs, and likewise
p̃ = p1 . . . ps.

Let
Xc,η,j(α) =

∣∣Fc,η,q̃(α;P,R)2fc(qkjα;Q/qj , R)2s
∣∣

and let Yc,η,j(α) denote the analogous function appropriate to the pj . Then it follows from (3.26) that

S6 �
∑
q,p

∑
c,η

∫
Tt

s∏
j=1

(Xc,η,j(α)Yc,η,j(α))
1
2s dα. (3.27)

By Hölder’s inequality,∑
c,η

∫
Tt

s∏
j=1

(Xc,η,j(α)Yc,η,j(α))
1
2s dα

�
s∏
j=1

(∑
c,η

∫
Tt
Xc,η,j(α)dα

) 1
2s
(∑

c,η

∫
Tt
Yc,η,j(α)dα

) 1
2s

.

Now observe that ∑
c,η

∫
Tt
Xc,η,j(α)dα ≤W (P,Q,R, qj),

where W (P,Q,R, q) denotes the number of solutions of the system (3.6) with z,w, c,η,u,v satisfying
(3.3), (3.4), (3.7) and (3.8). Therefore by Hölder’s inequality,∑

q,p

∑
c,η

∫
Tt

s∏
j=1

(Xc,η,j(α)Yc,η,j(α))
1
2s dα

�
∑
q,p

s∏
j=1

(W (P,Q,R, qj)W (P,Q,R, pj))
1
2s

�

(∑
q,p

1

)1− 1
2s

∑
q,p

s∏
j=1

(W (P,Q,R, qj)W (P,Q,R, pj))

 1
2s

�
2s∏
j=1

((
P θR

)2s−1
Ts,r(P,Q,R; θ)

) 1
2s

, (3.28)
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where Ts,r(P,Q,R; θ) is defined in the preamble to this lemma. On combining (3.27) and (3.28), we
complete the proof of the lemma.

Our next step will be to convert the congruence conditions implicit in the system of equations
(3.6) into a congruence condition which is more readily exploited. For a given real number θ with
1 < P θ < Q1/2−ε, let

T̃s,r,k(P,Q,R; θ) = T̃
(k)
s,r,k(P,Q,R; θ; Ψ; C,C′; D)

denote the number of solutions of the system of equations (3.6) with (3.3), (3.4) and (3.7), satisfying
the additional condition

zn ≡ wn (mod qk) (1 ≤ n ≤ r).

In Lemma 3.2 below we show that Lemma 2.2 can be employed to relate Ts,r to T̃s,r,k in a simple
manner.

Lemma 3.2. Let θ = θ(r, s,k; Ψ) satisfy 1 < P θ < Q1/2−ε, and suppose that k is a positive integer.
Then

Ts,r(P,Q,R; θ)� Pω(k;k,r,r)θ+εT̃s,r,k(P,Q,R; θ).

Proof. For a given q satisfying (3.7), let B(u; c,η) denote the set of solutions, z, distinct modulo qk of
the system of congruences

Υi(z; c,η) ≡ ui (mod qki) (1 ≤ i ≤ t),

with (Jr(z; c), q) = 1, where

Υi(z; c,η) =
r∑

n=1

ηnΨi(zn; c).

Then by Lemma 2.2,
card (B(u; c,η))� qω(k;k,r,r)+ε, (3.29)

where ω(k; k, r, r) is defined by (2.2). Moreover for each solution z,w, c,η, q,u,v counted by Ts,r(P,Q,R; θ),
it follows from (3.6) that

Υi(z; c,η) ≡ Υi(w; c,η) (mod qki) (1 ≤ i ≤ t).

Thus each solution of (3.6) may be classified according to the common residue class modulo qki of
Υi(z; c,η) and Υi(w; c,η) for 1 ≤ i ≤ t.

Let

H(α; z; c,η) =
∑

1≤x1≤P
x1≡z1 (mod qk)

· · ·
∑

1≤xr≤P
xr≡zr (mod qk)

e

(
t∑
i=1

αiΥi(x; c,η)

)
.

Then we have

Ts,r(P,Q,R; θ)�
∑
q

∑
c,η

∫
Tt
H̃(α; c,η)

∣∣∣f̃c,q(α;QP−θ, R)
∣∣∣2s dα, (3.30)

where the summation is over c,η satisfying (3.3), (3.4), and q satisfying (3.7), and we have written

H̃(α; c,η) =

qk1∑
u1=1

· · ·
qkt∑
ut=1

∣∣∣∣∣∣
∑

z∈B(u;c,η)

H(α; z; c,η)

∣∣∣∣∣∣
2

,

f̃c,q(α;L,R) =
∑

x∈A(L,R)

e

(
t∑
i=1

αiDi(c)(qx)ki

)
.

But by Cauchy’s inequality,

H̃(α; c,η) ≤
qk1∑
u1=1

· · ·
qkt∑
ut=1

card (B(u; c,η))
∑

z∈B(u;c,η)

|H(α; z; c,η)|2 .



ON EXPONENTIAL SUMS OVER SMOOTH NUMBERS 17

Then by (3.29) and (3.30),

Ts,r(P,Q,R; θ)� (P θR)ω(k;k,r,r)+ε
∑
q

∑
c,η

T (q, c,η),

where

T (q, c,η) =

qk∑
z1=1

· · ·
qk∑
zr=1

∫
Tt

∣∣∣H(α; z; c,η)2f̃c,q(α;QP−θ, R)2s
∣∣∣ dα.

The lemma now follows on considering the underlying diophantine equations.

4. Efficient differencing

We now develop the efficient differencing process which is fundamental to the new mean value esti-
mates of this paper. We begin by introducing some notation. For each integer k, define the efficient
differencing operator ∆∗1,k by

∆∗1,k(f(x);h;m) = f(x+ hmk)− f(x),

and define ∆∗j,K successively by

∆∗j+1,K1,...,Kj+1
(f(x);h1, . . . , hj+1;m1, . . . ,mj+1)

= ∆∗1,Kj+1

(
∆∗j,K1,...,Kj (f(x);h1, . . . , hj ;m1, . . . ,mj);hj+1;mj+1

)
.

Also, adopt the convention that
∆∗0,k(f(x);h;m) = f(x).

When 0 ≤ j ≤ k1, let K1, . . . ,Kj be fixed exponents associated with the efficient differencing process,
and let

Ψi,j = Ψ
(K)
i,j (z;h1, . . . , hj ;m1, . . . ,mj)

be defined by
Ψi,j = ∆∗j,K(zki ;h1, . . . , hj ;m1, . . . ,mj).

We consider the effect of substituting Ψi,j(z; h; m) for Ψi(z, c) in Lemmata 3.1 and 3.2. We require
some further notation in order to discuss the consequences of this substitution. When k1, . . . , kt satisfy
(1.2), define r̃J by

r̃J = card {i ∈ [1, t] : ki > J} .
We note that Ψi,j has positive degree whenever 1 ≤ i ≤ r̃j , and moreover from (1.2) it follows easily
that for each J one has r̃J ≥ t− J . Suppose that Kj (1 ≤ j ≤ k1) are positive integers with

k1∑
j=1

K−1
j < 1,

and that rj (0 ≤ j < k1) are positive integers with rj ≤ r̃j . Take φj = φj(r, s,k,K) (1 ≤ j ≤ k1) to be
real numbers with 0 ≤ φj ≤ 1/Kj to be determined later. Write

Mj = Pφj , Hj = PM
−Kj
j and Qj = P (M1 . . .Mj)

−1 (1 ≤ j ≤ k1), (4.1)

and further, for the sake of convenience, write

M̃j =

j∏
i=1

Mi and H̃j =

j∏
i=1

Hi. (4.2)

Substitute the conditions

Mi < mi ≤MiR and 1 ≤ hi ≤ Hi (1 ≤ i ≤ j), (4.3)

for the conditions C ′j < cj ≤ Cj (1 ≤ j ≤ u) in (3.3), and put

Di(m) =

j∏
l=1

mki
l (1 ≤ i ≤ t). (4.4)

Write Ss,r(P,Q,R; Ψj) for S
(k)
s,r (P,Q,R; Ψ; C,C′; D), and do likewise for S̃s,r. Also, put θ = φj+1, and

adopt similar conventions to those above for Ts,r and T̃s,r,k. Finally, write Jr(z; h; m) for Jr(z; c).
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Lemma 4.1. There exists a positive number η = η(ε, s,k) such that whenever exp
(

(log logP )
2
)
<

R ≤ P η, and 0 ≤ j < k1, one has

Ss,rj (P,Qj , R; Ψj)� P εM
2s−1+ω(k;Kj+1,rj ,rj)
j+1 T̃s,rj ,Kj+1(P,Qj , R;φj+1; Ψj).

Proof. Write, for the sake of convenience,

φ = φj+1, k = Kj+1, r = rj and ω = ω(k;Kj+1, rj , rj).

Then the condition r ≤ r̃j enables us to apply Lemmata 3.1 and 3.2 to deduce that

Ss,r(P,Qj , R; Ψj)� P εQjMj+1S̃s−1,r(P,Qj , R; Ψj)

+ P εM2s−1+ω
j+1 T̃s,r,k(P,Qj , R;φ; Ψj). (4.5)

We show inductively that for s = 1, 2, . . . , one has

QjMj+1S̃s−1,r(P,Qj , R; Ψj)� P εM2s−1+ω
j+1 T̃s,r,k(P,Qj , R;φ; Ψj). (4.6)

This will complete the proof of the lemma.

We start by observing that for s = 1, the quantity S̃s−1,r(P,Qj , R; Ψj) is bounded above by the
number of solutions of the system

r∑
n=1

ηn (Ψi,j(zn; h; m)−Ψi,j(wn; h; m)) = 0 (1 ≤ i ≤ r), (4.7)

with Jr(z; h; m) 6= 0, Jr(w; h; m) 6= 0, and

1 ≤ zn, wn ≤ P, ηn ∈ {+1,−1} (1 ≤ n ≤ r),

Mi < mi ≤MiR, 1 ≤ hi ≤ Hi (1 ≤ i ≤ j).

There are O(P r+εH̃jM̃j) permissible choices for w, h and m. Fix any one such choice, and consider
the system of equations (4.7) in z. Since Jr(z; h; m) 6= 0, it follows from the Inverse Function Theorem
that there are Ok(1) solutions z of (4.7). Consequently, when s = 1 one has

S̃s−1,r(P,Qj , R; Ψj)� P r+εH̃jM̃j .

But when R > exp
(

(log logQ)
2
)

a standard estimate yields

card(A(Q,R))� Q1−ε. (4.8)

Thus, on considering the diagonal solutions of the system (3.6) with s = 1, one finds that

T̃s,r,k(P,Qj , R;φ; Ψj)� P rH̃jM̃jMj+1Q
1−ε
j+1,

whence (4.6) follows in the case s = 1.
Now suppose that s > 1, and that the inductive hypothesis holds for S < s. On considering the

underlying diophantine equations, for each s we obtain

S̃s,r(P,Qj , R; Ψj) ≤ Ss,r(P,Qj , R; Ψj).

Then by combining the inductive hypothesis with (4.5) one deduces that

S̃s−1,r(P,Qj , R; Ψj)� P εM2s−3+ω
j+1 T̃s−1,r,k(P,Qj , R;φ; Ψj). (4.9)

But by considering solutions of (3.6) in which us = vs, it follows from (4.8) that

T̃s,r,k(P,Qj , R;φ; Ψj)� (Qj/Mj+1)1−εT̃s−1,r,k(P,Qj , R;φ; Ψj), (4.10)

and so (4.6) follows from (4.9) and (4.10). Thus (4.6) holds for each positive integer s, and the proof
of the lemma is complete.

Lemma 4.1 permits us to relate Ss,r(P,Qj , R; Ψj) to T̃s,r,k(P,Qj , R;φ; Ψj). We now consider the

simplest method of relating T̃s,r,k(P,Qj , R;φ; Ψj) to expressions of the form Ss,w(P,Qj+1, R; Ψj+1).
We thereby obtain estimates for Ss,r(P, P,R; Ψ0), and hence for Ss+r(P,R).
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Lemma 4.2. Let j be an integer with 0 ≤ j < k1. Write

r = rj , w = rj+1, k = Kj+1,

and
T̃s,r,k = T̃s,rj ,Kj+1

(P,Qj , R;φj+1; Ψj).

Suppose that r and w satisfy 1 ≤ r ≤ 2w. Then

T̃s,r,k �P r+εH̃jM̃j+1Ss(Qj+1, R)

+ P εHr−1
j+1

(
H̃j+1M̃j+1Ss(Qj+1, R)

)1− r
2w

(Ss,w(P,Qj+1, R; Ψj+1))
r

2w .

Proof. We consider the system (3.6) with θ = φj+1, and recall the definition of T̃s,r,k. Write

La,d(α; h; m) =
∑

1≤z≤P
z≡a (mod d)

e (α1Ψ1,j(z; h; m) + · · ·+ αtΨt,j(z; h; m)) ,

and

Kd(α; h,m) =
d∑
a=1

|La,d(α; h; m)|2 .

Write also

gq(α; m) =
∑

x∈A(Qj+1,R)

e

(
t∑
i=1

αiDi(m)(qx)ki

)
.

Then on considering the underlying diophantine equations, we find that

T̃s,r,k �
∑
h,m

∑
Mj+1<q≤Mj+1R

∫
Tt
Kqk(α; h,m)r |gq(α; m)|2s dα� T̃s,r,k, (4.11)

where the summation is over h and m satisfying (4.3).

Let U0 denote the number of solutions of the system (3.6) counted by T̃s,r,k in which zn = wn for
at least one n with 1 ≤ n ≤ r, and let U1 denote the corresponding number of solutions with zn 6= wn
(1 ≤ n ≤ r). Then

T̃s,r,k = U0 + U1.

We divide into cases.

(i) Suppose that U0 ≥ U1, so that T̃s,r,k � U0. Then by considering the underlying diophantine
equations,

U0 � P
∑
h,m

∑
Mj+1<q≤Mj+1R

∫
Tt
Kqk(α; h,m)r−1 |gq(α; m)|2s dα.

An application of Hölder’s inequality gives

T̃s,r,k � P

∑
h,m

∑
Mj+1<q≤Mj+1R

∫
Tt
Kqk(α; h,m)r |gq(α; m)|2s dα

1−1/r

×

∑
h,m

∑
Mj+1<q≤Mj+1R

∫
Tt
|gq(α; m)|2s dα

1/r

,

whence by (4.11),

T̃s,r,k � P 1+ε
(
T̃s,r,k

)1−1/r (
H̃jM̃j+1Ss(Qj+1, R)

)1/r

.
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Then
T̃s,r,k � P r+εH̃jM̃j+1Ss(Qj+1, R),

which completes the proof of the lemma in the first case.

(ii) Suppose that U1 > U0, so that T̃s,r,k � U1. We start by noting that for each solution of (3.6)
counted by U1 we have

zn ≡ wn (mod qk) and zn 6= wn (1 ≤ n ≤ r).

Then for each n with 1 ≤ n ≤ r, there exists an integer gn with 1 ≤ |gn| ≤ Hj+1 such that

wn = zn + gnq
k. (4.12)

On substituting (4.12) into (3.6), we deduce that

U1 ≤
∑

η∈{+1,−1}r
U2(η),

where U2(η) denotes the number of solutions of the system

r∑
l=1

ηlΨi,j+1(zl; h, gl; m, q) +Di(m)qki
s∑

m=1

(ukim − vkim ) = 0 (1 ≤ i ≤ t),

with z,u,v,h,m satisfying (3.4), (3.7), (4.3),

1 ≤ gl ≤ Hj+1 (1 ≤ l ≤ r) and Mj+1 < q ≤Mj+1R.

Write
G(α; g, q) =

∑
1≤z≤P

e(α1Ψ1,j+1(z; h, g; m, q) + · · ·+ αtΨt,j+1(z; h, g; m, q)).

Then on considering the underlying diophantine equations, we deduce that

U2(η)�
∑
h,m

∑
Mj+1<q≤Mj+1R

∫
Tt

∣∣∣∣∣∣
∑

1≤g≤Hj+1

G(α; g, q)

∣∣∣∣∣∣
r

|gq(α; m)|2s dα. (4.13)

Repeated application of Hölder’s inequality to (4.13) reveals that

U2(η)� Hr−1
j+1V

r/2w
1 V

1−r/2w
2 , (4.14)

where

V1 =
∑
h,m

∑
1≤g≤Hj+1

∑
Mj+1<q≤Mj+1R

∫
Tt

∣∣G(α; g, q)2wgq(α; m)2s
∣∣ dα,

and

V2 =
∑
h,m

∑
1≤g≤Hj+1

∑
Mj+1<q≤Mj+1R

∫
Tt
|gq(α; m)|2s dα.

But on considering the underlying diophantine equations, one has

V1 � Ss,w(P,Qj+1, R; Ψj+1),

and
V2 � P εH̃j+1M̃j+1Ss(Qj+1, R),

and thus the proof of the lemma is completed on recalling (4.14).

To conclude this section, we note that it is plainly possible to apply Hölder’s inequality a lit-
tle differently in the final stages of the proof of Lemma 4.2, so that U2(η) is bounded in terms of
Ss1,w(P,Qj+1, R; Ψj+1) and Ss2(Qj+1, R) for suitable s1 6= s2. Thereby one can employ iterative
schemes analogous to those used in [20] in order to improve on the bounds we ultimately obtain. Since,
however, these improvements are likely to be significant only for smaller k, we will not pursue this idea
further.
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5. Mean value estimates based on single differencing

We are now in a position to exploit the machinery developed in the previous two sections. This
section will be devoted to proving Theorem 1. We first record some notation. Let k be an integer with
1 ≤ k ≤ k1, and let θ be a parameter with 0 < θ ≤ 1/k to be chosen later. Write

M = P θ, H = PM−k and Q = PM−1.

Recall (1.3), and write f(α;P,R) for fk(α;P,R). Define also

F (α) =
∑

1≤z≤P

e(α1z
k1 + · · ·+ αtz

kt), (5.1)

G(α; q) =
∑

1≤h≤H

∑
1≤z≤P

e

(
t∑
i=1

αiΨi,1(z;h; q)

)
,

and

gq(α;Q,R) =
∑

x∈A(Q,R)

e

(
t∑
i=1

αi(xq)
ki

)
.

Finally, define the mean values

Ms,r(P,R) =
∑

M<q≤MR

∫
Tt

∣∣G(α; q)rgq(α;Q,R)2s
∣∣ dα,

and

Ss,r(P,R) =

∫
Tt

∣∣F (α)2rf(α;P,R)2s
∣∣ dα.

It is convenient to incorporate in the following lemma the key features of the general efficient differ-
encing process described in §§3 and 4.

Lemma 5.1. Suppose that 1 ≤ r ≤ t, 1 ≤ k ≤ k1 and 0 < θ ≤ 1/k1. Then

Ss,r(P,R)� P εM2s−1+ω(k;k,r,r) (P rMSs(Q,R) +Ms,r(P,R)) .

Proof. On taking Ψi(z; c) = zki (1 ≤ i ≤ t), and considering the underlying diophantine equations, it

follows from the definition of S
(k)
s,r that Ss,r(P,R) = S

(k)
s,r (P, P,R; Ψ0). Then by Lemma 4.1 with j = 0,

Ss,r(P,R)� P εM2s−1+ω(k;k,r,r)T̃s,r,k(P, P,R; θ; Ψ0). (5.2)

Moreover, recalling our change in notation in this section, it follows from the argument of the proof of
Lemma 4.2 (see equation (4.11) together with part (i) and the argument of part (ii) leading to (4.13))
that

T̃s,r,k(P, P,R; θ; Ψ0)� P r+εMSs(Q,R) +Ms,r(P,R). (5.3)

The lemma follows on combining (5.2) and (5.3).

The next lemma shows how a permissible exponent λs+t,k can be obtained from a permissible expo-
nent λs,k. Before stating this lemma, we equip ourselves with a further definition. We shall say that
the exponent ∆s,k is admissible whenever it has the property that

Ss(P,R)� Pλs,k+ε,

with λs,k = 2s−
∑t
i=1 ki + ∆s,k. Thus ∆s,k is admissible whenever λs,k is permissible.
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Theorem 5.2. Suppose that ∆s,k is an admissible exponent. Then the exponent ∆s+t,k is admissible,
where ∆s+t,k = ∆s,k(1− 1/k1).

Proof. We apply Lemma 5.1 with k = k1, θ = 1/k1 and r = t, noting that Ss,t(P, P,R; Ψ0) = Ss,t(P,R).
Since with the given parameters we have H = 1, we obtain by a trivial estimate

Ms,t(P,R)� P t
∑

M<q≤MR

∫
Tt
|gq(α;Q,R)|2s dα� P t+εMSs(Q,R).

We therefore deduce from Lemma 5.1 that

Ss,t(P, P,R; Ψ0)� P t+εM2s+ω(k;k1,t,t)Ss(Q,R). (5.4)

We suppose that ∆s is admissible, and write λs = 2s −
∑t
i=1 ki + ∆s. Then on recalling (2.2) and

considering the underlying diophantine equations,

Ss+t(P,R)� Ss,t(P, P,R; Ψ0)� Pλs+t+ε,

where

λs+t = t+

(
2s+ tk1 −

t∑
i=1

ki

)
θ + λs(1− θ)

= 2s+ 2t−
t∑
i=1

ki + ∆s(1− 1/k1).

It follows that the exponent ∆s+t is admissible, where ∆s+t = ∆s(1 − 1/k1), and this completes the
proof of the lemma.

The proof of Theorem 1. By considering the underlying diophantine equations, it follows from Theorem
1 of [25] that St+1(P,R)� P t+1+ε. Then for each r with 1 ≤ r ≤ t+1, the exponent ∆r =

∑t
i=1 ki−r

is admissible. Consequently an inductive argument reveals that the exponent

∆lt+r =

(
t∑
i=1

ki − r

)
(1− 1/k1)

l

is admissible for each l ∈ N. Theorem 1 follows immediately.

We remark that the methods of this section suffice to establish quasi-diagonal behaviour in the mean

value S
(k)
s (P,R) (see §8 of [27] for a sketch of the necessary argument).

6. Estimates arising from repeated efficient differencing

Mean value estimates based on repeated efficient differencing are usually sharper, though more
complicated to state, than those arising from a single efficient differencing process. In Theorem 6.1 we
describe the permissible exponents which can be obtained by applying Lemmata 4.1 and 4.2 successively
in a relatively simple manner. Our strategy is to use Lemma 4.1 to bound Ss,rj (P,Qj , R; Ψj) in terms

of T̃s,rj ,Kj+1(P,Qj , R;φj+1; Ψj), and then to use Lemma 4.2 to bound the latter in terms of Ss(Qj+1, R)
and Ss,rj+1

(P,Qj+1, R; Ψj+1). We can repeat this process non-trivially as many as k1 times, optimising
the parameters φj , rj and Kj when we terminate the process.

Theorem 6.1. Let k1, . . . , kt be integers satisfying (1.2). Suppose that u is a positive integer, and that
λu,k is a permissible exponent satisfying

2u−
t∑
i=1

ki < λu,k ≤ 2u. (6.1)

Write

∆u = λu,k − 2u+

t∑
i=1

ki. (6.2)
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For s = u + lt (l ∈ N), define the real numbers ∆s, θs and φ(j, s, J) recursively as follows. For l ≥ 1
and j = 1, . . . , k1, put φ(j, s, j) = 1/k1, and evaluate φ(j, s, J − 1) successively for J = j, . . . , 2 by

φ∗(j, s, J − 1) =
1

2k1
+

(
1

2
+

ΩJ−1 −∆s−t

2k1r̃J−1

)
φ(j, s, J), (6.3)

where (recalling the definition of r̃J from §4)

ΩJ =
∑
l>r̃J

kl, (6.4)

and
φ(j, s, J − 1) = min{1/k1, φ

∗(j, s, J − 1)}. (6.5)

Finally, set
θs = min

1≤j≤k1
φ(j, s, 1), (6.6)

∆s = ∆s−t(1− θs) + t(k1θs − 1), (6.7)

and

λs = 2s−
t∑
i=1

ki + ∆s. (6.8)

Then λs is a permissible exponent for s = u+ lt (l ∈ N).

The conclusion of Theorem 6.1 shows that for the exponents λs defined by (6.8), given ε > 0, there
is a positive number η = η(ε, s,k) such that whenever R ≤ P η, one has∫

Tt
|fk(α;P,R)|2s dα� Pλs+ε.

We note that the argument which leads to Theorem 6.1 in fact yields a stronger conclusion. Under the
same hypotheses, when s > t one has∫

Tt

∣∣F (α)2tfk(α;P,R)2s−2t
∣∣ dα� Pλs+ε,

where F (α) is defined by (5.1).

Proof of Theorem 6.1. Before starting the proof of the theorem, we make some comments concerning
the variables in its statement. Notice first that for each j, s and J , we have φ(j, s, J) ≤ 1/k1. Therefore
θs ≤ 1/k1, and hence a trivial induction shows that

∆s ≤ max{0,∆s−t} ≤
t∑
i=1

ki ≤ r̃Jk1 +
∑
l>r̃J

kl (1 ≤ J ≤ k1).

Then (6.3) yields positive values for the φ∗, and hence also for the φ, and thus θs > 0.
We prove the theorem by induction, starting with the assumption that the exponents λu+mt defined

by (6.8) are permissible when 0 ≤ m ≤ l. We write s = u+ lt, and aim to prove that the exponent λs+t
defined by (6.8) is permissible. Let j be the least integer with 1 ≤ j ≤ k1 such that θs+t = φ(j, s+ t, 1).
For J = 1, . . . , j define φJ = φ(j, s+t, J) as in the statement of the theorem. Then if φJ = 1/k1 for some
J < j, we have φ(j, s+ t, J) = φ(J, s+ t, J), and one finds successively that φ(j, s+ t, r) = φ(J, s+ t, r)
for r = J, J − 1, . . . , 1, contradicting the minimality of j. Thus φJ < 1/k1 for J < j. We adopt the
notation of writing

Mi = Pφi , Hi = PM−k1i , Qi = P (M1 . . .Mi)
−1 (1 ≤ i ≤ j),

and adopt the convention that Q0 = P .
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We first prove inductively that for J = j − 1, j − 2, . . . , 0, one has

T̃s,r̃J ,k1(P,QJ , R;φJ+1; ΨJ)� P r̃J+εH̃JM̃J+1Q
λ
J+1, (6.9)

where for convenience we write λ = 2s−
∑t
i=1 ki + ∆s.

On applying Lemma 4.2 with j replaced by j − 1, and rJ = r̃J (J = j − 1, j), we obtain

T̃s,r̃j−1,k1(P,Qj−1, R;φj ; Ψj−1)� P ε(U1 + U2),

where
U1 = P r̃j−1H̃j−1M̃jSs(Qj , R),

U2 = H
r̃j−1−1
j

(
H̃jM̃jSs(Qj , R)

)1−γ (
Ss,r̃j (P,Qj , R; Ψj)

)γ
,

and we have written γ = r̃j−1/(2r̃j). Then on noting the trivial estimate

Ss,r̃j (P,Qj , R; Ψj)� P 2r̃j+εH̃jM̃jSs(Qj , R),

and observing that since φ(j, s + t, j) = 1/k1 one has Hj = 1, we deduce that (6.9) holds in the case
J = j − 1.

We now suppose that (6.9) holds for J and deduce the corresponding inequality for J − 1, noting
that since we have just established (6.9) when J = j−1, we may suppose that 1 ≤ J ≤ j−1. It follows
from Lemma 4.1 together with the hypothesis that (6.9) holds for J that

Ss,r̃J (P,QJ , R; ΨJ)� P εM
2s+ω(k;k1,r̃J ,r̃J )
J+1 P r̃J H̃JM̃JQ

λ
J+1. (6.10)

Also by Lemma 4.2 with j replaced by J − 1, and rl = r̃l (l = J − 1, J), we obtain

T̃s,r̃J−1,k1(P,QJ−1, R;φJ ; ΨJ−1)� P ε(V1 + V2), (6.11)

where
V1 = P r̃J−1H̃J−1M̃JSs(QJ , R), (6.12)

V2 = H
r̃J−1−1
J

(
H̃JM̃JSs(QJ , R)

)1−γ′

(Ss,r̃J (P,QJ , R; ΨJ))
γ′
, (6.13)

and we have written γ′ = r̃J−1/(2r̃J). We have assumed that φJ < 1/k1 for J < j, and hence that

φJ = φ∗(j, s+ t, J). Then since λ = 2s−
∑t
i=1 ki + ∆s, we deduce from (6.3) that

(2s+ ω(k; k1, r̃J , r̃J))φJ+1 − λφJ+1 = (r̃Jk1 + ΩJ −∆s)φ(j, s+ t, J + 1)

= 2r̃Jk1φJ − r̃J . (6.14)

Then it follows from (6.10), (6.13) and (6.14) that

V2 � P r̃J−1+εH̃J−1M̃JQ
λ
J .

Consequently, by (6.11) and (6.12),

T̃s,r̃J−1,k1(P,QJ−1, R;φJ ; ΨJ−1)� P r̃J−1+εH̃J−1M̃JQ
λ
J ,

whence (6.9) follows with J − 1 replacing J , and our second assertion holds for J = 0, . . . , j − 1.
On noting that r̃0 = t, we next observe that

T̃s,t,k1(P,Q0, R;φ1; Ψ0)� P t+εM1Q
λ
1 ,

so that by Lemma 4.1,

Ss,t(P,Q0, R; Ψ0)� P t+εM
2s+ω(k;k1,t,t)
1 Qλ1 .

Then
Ss+t(P,R)� Ss,t(P, P,R; Ψ0)� Pλ

′+ε,

where

λ′ = λ(1− θs+t) + t+ (2s+ ω(k; k1, t, t))θs+t

= 2(s+ t)−
t∑
i=1

ki + ∆s+t,

and
∆s+t = ∆s(1− θs+t) + t(k1θs+t − 1).

Thus our inductive hypothesis follows with s + t in place of s, and this completes the proof of the
theorem.

We exploit Theorem 6.1 to obtain Theorems 2 and 3 through the use of the following lemma.
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Lemma 6.2. Let k1, . . . , kt be integers satisfying (1.2) with k1 sufficiently large. Suppose that s > t,
and that ∆s−t,k is an admissible exponent satisfying ∆s−t,k > (log k1)2. Write δs−t = ∆s−t,k/(tk1),
and define δs to be the unique positive solution of the equation

δs + log δs = δs−t + log δs−t −
2

k1
+

2

k1(log k1)3/2
.

Then the exponent ∆s,k = tk1δs is admissible.

Proof. Our argument is modelled on the proof of Theorem 2.1 of [26], as modified in [3]. We adopt the
same notation as in the statement of the proof of Theorem 6.1, and write k = k1. We start with some
simplifying comments. First note that since 0 ≤ θs ≤ 1/k for each s, then whenever 0 < ∆s−t ≤ tk the
equation (6.7) implies that

∆s = ∆s−t(1− 1/k) + (tk −∆s−t)(θs − 1/k) ≤ ∆s−t(1− 1/k).

Then for each fixed r it follows that ∆lt+r is a decreasing function of l for l ≥ 1. We may consequently
suppose that 0 ≤ ∆s ≤ tk for every admissible exponent ∆s, whence 0 ≤ δs ≤ 1. Moreover, on noting
that δ + log δ is an increasing function of δ when δ > 0, in order to establish the lemma it suffices to
prove that the exponent ∆s = ktδs is admissible, where δs is any positive number satisfying

δs + log δs ≤ δs−t + log δs−t −
2

k
+

2

k(log k)3/2
. (6.15)

Suppose that s is an integer with s > t, and that ∆s−t is an admissible exponent satisfying ∆s−t >
(log k)2. We apply Theorem 6.1 with j = [(log k)1/4] + 1, noting that when 1 ≤ J < j, one has

ΩJ =
∑
l>r̃J

kl =
∑
kl≤J

kl ≤
∑

1≤l≤J

l = 1
2J(J + 1) < (log k)1/2.

Then on writing φJ for φ∗(j, s, J), and noting that r̃J ≤ t for each J , we deduce from (6.3) that

φJ−1 ≤ (2k)−1 + 1
2 (1− δ′)φJ , (6.16)

where
δ′ = (∆s−t − (log k)1/2)/(kt). (6.17)

Thus, starting with φj = 1/k and following the obvious downwards induction using (6.16), we obtain

φJ ≤
1

k(1 + δ′)

(
1 + δ′

(
1− δ′

2

)j−J)
(1 ≤ J ≤ j).

Since ∆s−t ≥ (log k)2, we deduce from (6.17) that

δ′ ≥ δs−t
(

1− (log k)−3/2
)
,

and therefore

φ1 ≤
1 + 21−jδ′

k(1 + δ′)
<

1 + 2δs−t(log k)−3/2

k(1 + δs−t)
. (6.18)

Write θ = φ1. Then Theorem 6.1 implies that the exponent ∆s is admissible, where by (6.7),

∆s = ∆s−t(1− θ) + t(kθ − 1).

On writing δs for ∆s/(tk), it follows from (6.18) that

δs = δs−t − 1/k + (1− δs−t)θ

≤ δs−t − 1/k +
(1− δs−t)
k(1 + δs−t)

(
1 + 2δs−t(log k)−3/2

)
= δs−t

(
1− 2− ω

k(1 + δs−t)

)
,
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where ω = 2(1− δs−t)(log k)−3/2. Consequently

δs + log δs ≤ δs−t
(

1− 2− ω
k(1 + δs−t)

)
+ log δs−t + log

(
1− 2− ω

k(1 + δs−t)

)
≤ δs−t + log δs−t −

2− ω
k(1 + δs−t)

δs−t −
2− ω

k(1 + δs−t)

= δs−t + log δs−t − (2− ω)/k,

whence the desired conclusion (6.15) follows immediately.

Theorems 2 and 3 may now be established by applying Lemma 6.2 inductively.

The proof of Theorem 2. Again we suppose that k1 is sufficiently large, and write k = k1. When s ∈ N,
define δs to be the unique positive solution of the equation

δs + log δs = 1− 2s

tk
+

2s

tk(log k)3/2
. (6.19)

We claim that the exponent ∆s = tkδs is admissible whenever 1 ≤ s ≤ t+ 1 or δs−t > (log k)2/(tk).
Observe first that when r is an integer with 1 ≤ r ≤ t + 1, then by applying Hölder’s inequality in

combination with Theorem 1 of [25], it follows that the exponent ∆r =
(∑t

i=1 ki

)
− r is admissible.

Thus on writing γr = ∆r/(kt), we deduce from (6.19) that

γr + log γr ≤ 1− r/(tk) + log(1− r/(tk)) < 1− 2r/(tk) < δr + log δr,

whence our claim follows in the case s = r.
Next we observe that whenever 1 ≤ s ≤ s0, with s0 = 1

2 tk (log(tk)− 2 log log k), then by (6.19) one
has 0 ≤ δs < 1 and

δs + log δs ≥ 1− 2s0

tk
+

2s0

tk(log k)3/2
> 1− log(tk) + 2 log log k,

whence δs > (log k)2/(tk). It therefore follows from Lemma 6.2 that whenever 1 ≤ s ≤ s0 and the
exponent ∆s−t = tkδs−t is admissible, then so is the exponent ∆s = tkγs, where γs is the unique
positive solution of the equation

γs + log γs = δs−t + log δs−t −
2

k
+

2

k(log k)3/2
.

But by applying (6.19), one obtains

γs + log γs = 1− 2s

tk
+

2s

tk(log k)3/2
= δs + log δs,

so that γs = δs. Our assertion therefore follows by induction, using the conclusion of the previous
paragraph as the basis of the induction.

The conclusion of Theorem 2 follows immediately from the above assertion when 1 ≤ s ≤ s0. We
next consider an integer s with s > s0, and denote by U the largest integer with U < s0 such that
U ≡ s (mod t). Then U ≥ s0− t, and it follows from the assertion established above that the exponent
∆U is admissible, where

∆U = tke2−2U/(tk) < e3(log k)2.

Thus it follows from Theorem 5.2 that the exponent ∆s is admissible, where

∆s = ∆U (1− 1/k)(s−U)/t < e3(log k)2(1− 1/k)(s−s0)/t.

This completes the proof of Theorem 2.
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The proof of Theorem 3. We start by making an elementary observation concerning admissible expo-
nents for associated systems. When 1 ≤ r ≤ t, write κr for the r-tuple (k1, . . . , kr), and denote by Su,r
the number of solutions of the system

u∑
i=1

(x
kj
i − y

kj
i ) = 0 (1 ≤ j ≤ r), (6.20)

with xi, yi ∈ A(P,R) (1 ≤ i ≤ u). In view of the trivial inequality Su,r+1 ≤ Su,r, whenever λu,κr is
a permissible exponent, one has Su,r+1 � Pλu,κr+ε, whence the exponent λu,κr+1

is permissible with
λu,κr+1

= λu,κr . It follows that whenever the exponent ∆u,κr is admissible, then so is ∆u,κr+1
, where

∆u,κr+1 = ∆u,κr + kr+1. (6.21)

Suppose that k1, . . . , kt satisfy (1.2) and that k1 is sufficiently large. We adopt the convention that
κ0 = (k1), and put v0 = 0. Also, when 1 ≤ j ≤ t− 1 we put

vj =
[

1
2k1 log

(
e3kj/kj+1

)
+ 1
]
, (6.22)

and write

Uj =

j∑
i=0

ivi. (6.23)

We claim that when 0 ≤ j ≤ t− 1, the exponent ∆Uj ,κj is admissible, where

∆Uj ,κj = max
{
kj+1, (log k1)2

}
. (6.24)

We prove this assertion by induction, noting that it is trivial when j = 0.
Suppose that 1 ≤ J ≤ t − 1, and that our assertion holds for j = J − 1. Then the exponent

∆UJ−1,κJ−1
= max

{
kJ , (log k1)2

}
is admissible, whence by our opening observation, the exponent

∆UJ−1,κJ = 2 max
{
kJ , (log k1)2

}
is also admissible. On applying Lemma 6.2 and recalling (6.23), we

deduce that the exponent ∆UJ ,κJ = Jk1δUJ is admissible, where

δUJ + log δUJ =
2 max

{
kJ , (log k1)2

}
Jk1

+ log

(
2 max

{
kJ , (log k1)2

}
Jk1

)
− EJ ,

and

EJ =
2vJ
k1

(
1− (log k1)−3/2

)
.

Moreover, by (6.22) one has EJ > log(2e2/JkJ/kJ+1), whence

log δUJ < log
(
max

{
kJ+1, (log k1)2

}
/(Jk1)

)
.

Thus the exponent ∆UJ ,κJ = max
{
kJ+1, (log k1)2

}
is admissible, and our assertion follows for j = J ,

completing the induction.
Adopt the convention that kt+1 = (log k1)2, and write

vt =
[

1
2k1 log

(
e3kt

)
+ 1
]

and U =

t∑
i=0

ivi.

We observe that the argument of the previous paragraph leads to the conclusion that the exponent
∆U,κt = (log k1)2 is admissible. Furthermore Theorem 5.2 implies that whenever s1 ≥ U , and s is

an integer exceeding s1 with s ≡ s1 (mod t), then the exponent ∆s,k = (log k1)2(1 − 1/k1)(s−s1)/t is
admissible. The proof of Theorem 3 is therefore completed by noting that

U ≤
t−1∑
j=1

(
1
2jk1 log(e3kj/kj+1) + j

)
+ 1

2 tk1 log(e3kt) + t

< 1
2k1 log(k1 . . . kt) + 3

4 t(t+ 1)k1 + 1
2 t(t+ 1),

< 1
2k1

(
log(k1 . . . kt) + 3t2

)
.
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Part II: Several applications

7. Estimates for smooth Weyl sums

The estimates for smooth Weyl sums provided by Theorems 4 and 5 are fairly immediate consequences
of Lemma 7.3, which we prove using an argument closely related to that used to establish [28], Lemma
4.1 (itself similar to the proof of Vaughan [19], Theorem 1.8). In order to prove Lemma 7.3 we will
require two preliminary lemmata. Recall the notation defined at the end of §2, and define the set Cq(Q)
by

Cq(Q) = {x ∈ Z ∩ [1, Q] : s0(x)|s0(q)} .

Lemma 7.1. Let L be a positive real number and r be a positive integer with log r � logL. Then for
each ε > 0, one has card(Cr(L))� Lε.

Proof. This is [28], Lemma 2.2.

Before stating the second preliminary lemma, we record some notation. Write ψ(x;α) =
∑t
i=1 αix

ki ,
and define the exponential sum hr,v(α;L,R; θ) by

hr,v(α;L,R; θ) =
∑

u∈A(L,R)
(u,r)=1

e(ψ(uv;α) + θu).

Also, when π is a prime number, define the set of modified smooth numbers B(M,π,R) by

B(M,π,R) = {v ∈ N : M < v ≤Mπ, π|v, p prime and p|v ⇒ π ≤ p ≤ R} .

Lemma 7.2. Let α ∈ Rt and r ∈ N, and suppose that Q, M and R satisfy 2 ≤ R ≤M < Q. Then∑
x∈A(Q,R)

(x,r)=1

e(ψ(x;α))� R logQ max
π≤R

π prime

sup
θ∈[0,1)

∑
v∈B(M,π,R)

(v,r)=1

|hr,v(α;Q/M,π; θ)|+M.

Proof. One may employ the argument of the proof of Vaughan [19], Lemma 10.1 precisely as in the
treatment of Wooley [28], Lemma 2.3.

Lemma 7.3. Let k1, . . . , kt be integers satisfying (1.2). Suppose that λ is a real number with 0 < λ ≤ 1
2 ,

and write M = Pλ. Let j be an integer with 1 ≤ j ≤ t, and let α ∈ Rt. Suppose that a ∈ Z and q ∈ N
satisfy (a, q) = 1, |qαj − a| ≤ 1

2 (MR)−kj , q ≤ 2(MR)kj , and either |qαj − a| > MP−kj or q > MR.
Then whenever s is a natural number with 2s > k1, and the exponent ∆s is admissible,

fk(α;P,R)2s � P 2s+εM−1(P/M)∆s .

Proof. We start by manipulating fk(α;P,R) into a form suitable for our subsequent application of the
large sieve inequality. On observing that

fk(α;P,R) =
∑

d∈Cq(P )∩A(P,R)

∑
x∈A(P/d,R)

(x,q)=1

e(ψ(xd;α)),

we deduce from Lemma 7.1 that

fk(α;P,R)� P ε max
d∈Cq(M/R)

∣∣∣∣∣∣∣∣
∑

x∈A(P/d,R)
(x,q)=1

e(ψ(xd;α))

∣∣∣∣∣∣∣∣+ (PR/M)1+ε.

Then it follows from Lemma 7.2 that there exists d ∈ Cq(M/R), θ ∈ [0, 1), and a prime π with π ≤ R
such that

fk(α;P,R)� P 1+εM−1 + P εg(α; d, π, θ), (7.1)
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where

g(α; d, π, θ) =
∑

v∈B(M/d,π,R)
(v,q)=1

|hq,vd(α;P/M, π; θ)| .

Denote by J(q, d, h) the number of solutions of the congruence (xd)kj ≡ h (mod q) with 1 ≤ x ≤ q, and
note that when (h, q)|dkj one has J(q, d, h) � qεdkj . Then there exists an integer L with L � qεdkj

such that the integers v with M/d < v ≤MR/d and (v, q) = 1 can be divided into L classes V1, . . . ,VL,
with the property that for any two distinct elements v1, v2 in a given class Vr, we have (v1d)kj ≡ (v2d)kj

(mod q) if and only if v1 ≡ v2 (mod q). Consequently, on writing cy for the number of solutions of the
diophantine system

s∑
i=1

u
kj
i ≡ yj (1 ≤ j ≤ t),

with ui ∈ A(P/M, π) (1 ≤ i ≤ s), we may apply Hölder’s inequality to obtain

g(α; d, π, θ)2s � P εdkj (MR/d)2s−1 max
1≤r≤L

∑
v∈Vr

∣∣∣∣∣∑
y

bye(ψ(vd;αy))

∣∣∣∣∣
2

,

where |by| ≤ cy, the summation is over y with 1 ≤ yi ≤ s(P/M)ki (1 ≤ i ≤ t), and we have written αy
for the t-tuple (α1y1, . . . , αtyt). Then by Cauchy’s inequality,

g(α; d, π, θ)2s � P εdkj (MR/d)2s−1

∏
l 6=j

s(P/M)kl

Wj , (7.2)

where

Wj =
∑
y

∗
max

1≤r≤L

∑
v∈Vr

∣∣∣∣∣∣
∑

1≤yj≤s(P/M)kj

bye(αj(vd)kjyj)

∣∣∣∣∣∣
2

,

and the first summation is over yl satisfying 1 ≤ yl ≤ s(P/M)kl (1 ≤ l ≤ t, l 6= j).
Next we show that the αj(vd)kj are somewhat widely spaced apart modulo 1. It is this property

which is fundamental to the strength of the estimates stemming from our later application of the
large sieve inequality. We start by observing that if v1, v2 ∈ Vr and v1 6≡ v2 (mod q), then one has
(v1d)kj 6≡ (v2d)kj (mod q), and hence the inequality |qαj − a| ≤ 1

2 (MR)−kj implies that

‖αj
(
(v1d)kj − (v2d)kj

)
‖ ≥

∥∥∥∥aq ((v1d)kj − (v2d)kj
)∥∥∥∥− 1

2q
−1 ≥ 1

2q
−1. (7.3)

We divide into cases.

(i) Suppose that q > MR/d. Then the elements of Vr are distinct modulo q, and so it follows from
(7.3) that for v ∈ Vr, the αj(vd)kj are spaced at least 1

2q
−1 apart modulo 1.

(ii) Suppose that q ≤ MR/d. Then by hypothesis we have |qαj − a| > MP−kj . Given any two
elements v1, v2 of Vr with v1 6≡ v2 (mod q), we may conclude as in case (i) that αj(v1d)kj and αj(v2d)kj

are spaced at least 1
2q
−1 apart modulo 1. Meanwhile, when v1 ≡ v2 (mod q) but v1 6= v2, one has

‖αj
(
(v1d)kj − (v2d)kj

)
‖ = ‖(αj − a/q)(v

kj
1 − v

kj
2 )dkj‖ = |αj − a/q| · |v

kj
1 − v

kj
2 |dkj .

Then since v1 − v2 is a non-zero multiple of q, and vid > M (i = 1, 2), we obtain

‖αj
(
(v1d)kj − (v2d)kj

)
‖ > |αj − a/q|Mkj−1q > (P/M)−kj .

We therefore deduce that in this case the αj(vd)kj (v ∈ Vr) are spaced at least 1
2 min

{
q−1, (P/M)−kj

}
apart modulo 1.
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Thus in either case the large sieve inequality (see, for example, Vaughan [18], Lemma 5.3) implies
that

∑
y

∗
max

1≤r≤L

∑
v∈Vr

∣∣∣∣∣∣
∑

1≤yj≤s(P/M)kj

bye(αj(vd)kjyj)

∣∣∣∣∣∣
2

�
(
q + (P/M)kj

)∑
y

|by|2

� (q + (P/M)kj )Ss(P/M,R).

Then since 2s ≥ kj + 1 and ∆s is an admissible exponent, it follows from (7.1) and (7.2) that

fk(α;P,R)2s � P εM2s−1(P/M)2s+∆s(1 + q(P/M)−kj ) + (P/M)2s+ε.

The lemma follows on noting that the second term on the right hand side of the last inequality is smaller
than the first.

The proof of Theorem 4. Recall the notation of the statement of Theorem 4. We suppose that λ is a
real number with 0 < λ ≤ 1/t, and that α ∈ mtλ. For convenience we write M = Pλ. For each i with
1 ≤ i ≤ t, it follows from Dirichlet’s Theorem that there exist bi ∈ Z and qi ∈ N with (bi, qi) = 1,
qi ≤ 2(MR)ki and |qiαi − bi| ≤ 1

2 (MR)−ki . If for some j with 1 ≤ j ≤ t we have |qjαj − bj | > MP−kj

or qj > MR, then we may apply Lemma 7.3 to obtain

fk(α;P,R)� P 1+ε
(
M−1(P/M)∆s

)1/(2s) � P 1−σ(k;λ)+ε,

and we are done. Otherwise, for every i with 1 ≤ i ≤ t we have qi ≤MR and |qiαi− bi| ≤MP−ki . We
put q = [q1, . . . , qt] and ai = biq/qi (1 ≤ i ≤ t). Then (a1, . . . , at, q) = 1, q ≤ (MR)t ≤ P tλRt, and

|qαi − ai| ≤MP−ki(MR)t−1 ≤ P tλ−kiRt−1 (1 ≤ i ≤ t).

Thus α 6∈ mtλ, and we derive a contradiction. The theorem follows immediately.

The argument used to prove Theorem 5 is essentially the same as that used in the proof of Theorem
4, save that the lower dimension of the problem leads to simplifications.

The proof of Theorem 5. Recall the notation of the statement of Theorem 5. We suppose that λ is a
real number with 0 < λ ≤ 1

2 , and that α ∈ nλ. For convenience we write M = Pλ. By Dirichlet’s

Theorem there exist b ∈ Z and r ∈ N with (b, r) = 1, r ≤ 2(MR)k1 and |ra1α − b| ≤ 1
2 (MR)−k1 . If

|ra1α− b| > MP−k1 or r > MR, then we may apply Lemma 7.3 to obtain

gk(α;P,R) = fk(aα;P,R)� P 1+ε
(
M−1(P/M)∆s

)1/(2s) � P 1−σ(k;λ)+ε,

and we are done. Otherwise we have r ≤MR and |ra1α− b| ≤MP−k1 . We put

q =
r|a1|

(b, a1)
and a =

b|a1|
(b, a1)a1

.

Then (a, q) = 1, q ≤ |a1|PλR and |qα− a| ≤ Pλ−k1 . Thus α 6∈ nλ, a contradiction which completes the
proof of the theorem.

The proof of Theorem 6. We establish the two parts of Theorem 6 through separate though similar
arguments, beginning with the first part. Recall the notation of the statement of Theorem 6, together
with the definition of ψ(x;α) given at the beginning of this section. Write τ = τ(k), and let ε and φ
be real numbers with 0 < ε < φ < τ . Let P be a sufficiently large real number, and write H1 = P τ−φ.
Define T1(α) by

T1(α) =
∑

1≤h≤H1

|fk(hα;P,R)|.

Then it follows from Lemma 5 of [5] that the estimate min1≤n≤P ‖ψ(n;α)‖ < H−1
1 is implied by the

bound T1(α) = o(P ). We exploit this observation by applying Theorem 4 with λ = (1− τ)/t. Suppose
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first that there exist h,b, q with 1 ≤ h ≤ H1, b ∈ Zt, q ∈ N, (b1, . . . , bt, q) = 1, q ≤ P 1−τRt and
|qhαi − bi| ≤ P 1−τ−kiRt−1 (1 ≤ i ≤ t). Then for each i we have

‖αi(qh)ki‖ ≤ |(qh)ki−1(qhαi − bi)| < (H1P
1−τRt)ki−1P 1−τ−kiRt−1.

Then since (τ − φ) + 1 − τ + tη < 1, we obtain ‖αi(qh)ki‖ < t−1H−1
1 , whence on noting that qH1 ≤

P 1−φRt, we deduce that

min
1≤n≤P

‖ψ(n;α)‖ ≤ ‖ψ(qh;α)‖ ≤
t∑
i=1

‖αi(qh)ki‖ < H−1
1 .

Meanwhile, if for each h,b, q with 1 ≤ h ≤ H1, b ∈ Zt, q ∈ N, (b1, . . . , bt, q) = 1 and |qhαi − bi| ≤
P 1−τ−kiRt−1 (1 ≤ i ≤ t), one has q > P 1−τRt, then Theorem 4 implies that

max
1≤h≤H1

|fk(hα;P,R)| � P 1−σ(k;λ)+ε.

Moreover, a simple calculation reveals that σ(k;λ) ≥ τ , so that

T1(α)� H1P
1−τ+ε � P 1+ε−φ = o(P ).

Thus our earlier observation once again shows that min1≤n≤P ‖ψ(n;α)‖ < H−1
1 , and the first part of

Theorem 6 follows immediately.
For the second part of Theorem 6, we put α = αa for some rational t-tuple a, and write σ2 =

σ(k; 1/2). Let ε and φ be real numbers with 0 < ε < φ < σ2, let P be a sufficiently large real number,
and write H2 = Pσ2−φ. Define T2(α) by

T2(α) =
∑

1≤h≤H2

|gk(hα;P,R)| .

Once again we deduce from Lemma 5 of [5] that in order to establish the bound min1≤n≤P ‖ψ(n;α)‖ <
H−1

2 , it suffices to show that T2(α) = o(P ). We apply Theorem 5 with λ = 1
2 . Let d be the least positive

integer such that da ∈ Zt, and write β = α/d. We suppose that there exist h, b, q with 1 ≤ h ≤ dH2,
b ∈ Z, q ∈ N, (b, q) = 1, q ≤ |a1d|PλR and |qhβ − b| ≤ Pλ−k1 . Then

‖β(aid)(qh)ki‖ ≤ |(qh)ki−1(qhβ − b)(aid)| < |aid|
(
|a1d

2|H2P
λR
)ki−1

Pλ−k1 .

Then ‖β(aid)(qh)ki‖ < t−1H−1
2 , whence

min
1≤n≤P

‖ψ(n;α)‖ ≤ ‖ψ(qh;α)‖ ≤
t∑
i=1

‖β(aid)(qh)ki‖ < H−1
2 .

Meanwhile, if for each h, b, q with 1 ≤ h ≤ dH2, b ∈ Z, q ∈ N, (b, q) = 1 and |qhβ − b| ≤ Pλ−k1 , one
has q > |a1d|PλR, then Theorem 5 implies that

max
1≤h≤H2

|gk(hα;P,R)| ≤ max
1≤h≤dH2

|gk(hβ;P,R)| � P 1−σ2+ε,

whence
T2(α)� H2P

1−σ2+ε � P 1+ε−φ = o(P ).

Then the second part of Theorem 6 follows in this case also, and the proof of the theorem is complete.

The consequences of Theorems 4, 5 and 6 recorded in Theorem 7 are almost immediate from Theorems
2 and 3. We will therefore be brief in our proof of Theorem 7.

The proof of Theorem 7. We start by proving part (i) of the theorem. We put

u0 =
[

1
2 tk1(log k1 + 4 log log k1 + 3 log t+ 6)

]
+ 1,
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and

u1 =
[

1
2k1(log(k1 . . . kt) + 3t2)

]
+ t [3k1 log log k1 + k1 log t+ 1] .

On recalling the notation of Theorems 2 and 3, we have

u0 − s0 > tk1 (3 log log k1 + log t+ 3) and u1 − s1 > tk1(3 log log k1 + log t),

and hence the latter theorems imply that the exponents ∆u0 and ∆u1 are each admissible, where

∆u0
= e3(log k1)2 exp ((s0 − u0)/(tk1)) < 1/(t log k1), (7.4)

and

∆u1
= (log k1)2 exp ((s1 − u1)/(tk1)) < 1/(t log k1). (7.5)

On applying Theorem 4, therefore, we deduce that

sup
α∈m1

|fk(α;P,R)| � P 1−σ(k;1/t)+ε,

where

σ(k; 1/t) ≥ max
i=0,1

1− (t− 1)∆ui

2tui
. (7.6)

On substituting (7.4) and (7.5) into (7.6), we obtain

σ(k; 1/t)−1 < 2t (1− 1/(log k1))
−1

min {u0, u1} ,

whence the first estimate of part (i) follows immediately.

Next we put

v0 =
[

1
2 tk1(log k1 + 4 log log k1 + log t+ 6)

]
+ 1,

and

v1 =
[

1
2k1

(
log(k1 . . . kt) + 3t2

)]
+ t [3k1 log log k1 + 1] .

Following the argument of the first paragraph, we deduce that the exponents ∆v0 and ∆v1 are admissible,
where

max {∆v0 ,∆v1} < 1/(log k1). (7.7)

Thus Theorem 5 leads to the estimate

sup
α∈n1/2

|gk(α;P,R)| � P 1−σ(k;1/2)+ε,

where

σ(k; 1/2) ≥ max
i=0,1

1−∆vi

4vi
. (7.8)

On substituting (7.7) into (7.8) we establish the second estimate of part (i).

In order to complete the proof of the theorem, we have merely to note that part (ii) follows from
Theorem 6 in combination with the estimates for σ(k; 1/t) and σ(k; 1/2) provided by (7.6) and (7.8),
since τ(k) = (1 + o(1))σ(k; 1/t).

8. Upper bounds for large moduli

The unlocalised fractional parts estimates provided by Theorem 8 are simple consequences of an
exponential sum estimate related to that established in [28], Lemma 3.1 by using a method similar to
one of Heath-Brown [7], §5. We prove this estimate in the following theorem.
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Theorem 8.1. Let k1, . . . , kt be integers satisfying (1.2), and let H be a real number with H ≥ 1.
Suppose that λ is a real number with 1

2 ≤ λ < 1, and write M = Pλ. Let α ∈ Rt, b ∈ Zt, and

suppose that there exist a ∈ Zt and q ∈ Nt satisfying the conditions (ai, qi) = 1 and |αi − ai/qi| ≤ q−2
i

(1 ≤ i ≤ t). Then whenever m and w are natural numbers, and ∆m and ∆w are admissible exponents,∑
1≤h≤H

|fk(hbα;P,R)| �b (HP )1+ε
(
M∆w(P/M)∆mΘk(P ; q;λ)

)1/(2mw)
+HM,

where bα denotes (b1α1, . . . , btαt),

Θk(P ; q;λ) = H−1 min
J⊆{1,...,t}
J 6=∅

∏
i∈J

θi(P ;λ),

and
θi(P ;λ) = Hqεi

(
q−1
i + (P/M)−ki + qiH

−1P−ki
)
.

Proof. We first consider a fixed integer h with 1 ≤ h ≤ H, and rewrite the exponential sum fk(hbα;P,R)
in a form suitable for our later applications of Hölder’s inequality. For convenience we write β = hbα.
By applying Lemma 7.2 with r = 1, we deduce that there exists a prime π with π ≤ R, and θ ∈ [0, 1)
such that

fk(β;P,R)� P εRg(β; θ) +M, (8.1)

where
g(β; θ) =

∑
v∈A(MR,R)

|h1,v(β;P/M, π; θ)|.

Define the complex numbers of unit modulus, ε(v, θ), by

|h1,v(β;P/M, π; θ)|m = ε(v, θ)h1,v(β;P/M, π; θ)m. (8.2)

Also, let r(c; θ) denote the number of solutions of the diophantine system

m∑
i=1

u
kj
i = cj (1 ≤ j ≤ t),

with ui ∈ A(P/M, π) (1 ≤ i ≤ m), in which each solution u is counted with weight e(θ(u1 + · · ·+um)).
Thus

h1,v(β;P/M, π; θ)m =
∑

c

r(c; θ)e(β1c1v
k1 + · · ·+ βtctv

kt),

where the summation is over integral t-tuples c satisfying 1 ≤ ci ≤ m(P/M)ki (1 ≤ i ≤ t). An
application of Hölder’s inequality together with (8.2) therefore yields

g(β; θ)m ≤ (MR)m−1
∑

v∈A(MR,R)

ε(v, θ)
∑

c

r(c; θ)e(β1c1v
k1 + · · ·+ βtctv

kt).

Next, on noting that |r(c; θ)| ≤ r(c; 0), we find that a second application of Hölder’s inequality reveals
that

g(β; θ)2mw ≤ (MR)2w(m−1)

(∑
c

r(c; 0)

)2w−2(∑
c

r(c; 0)2

)
Jw(β),

where
Jw(β) =

∑
c

|g̃(β; c, θ)|2w , (8.3)

and
g̃(β; c, θ) =

∑
v∈A(MR,R)

ε(v, θ)e(β1c1v
k1 + · · ·+ βtctv

kt).
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Consequently, on considering the underlying diophantine equations,

g(β; θ)2mw ≤ (PR)2mw(P/M)−2m(MR)−2wSm(P/M,R)Jw(β).

Thus, on applying Hölder’s inequality once more, and recalling (8.1), we obtain∑
1≤h≤H

|fk(hbα;P,R)| � (HP )1+εΨ1/(2mw) +HM, (8.4)

where
Ψ = H−1(P/M)−2mM−2wSm(P/M,R)

∑
1≤h≤H

Jw(hbα). (8.5)

In order to complete our proof we must estimate Ψ. Let n(d) denote the number of solutions of the
system

w∑
i=1

v
kj
i −

2w∑
i=w+1

v
kj
i = dj (1 ≤ j ≤ t),

with vi ∈ A(MR,R) (1 ≤ i ≤ 2w), in which each solution v is counted with weight
∏w
i=1 ε(vi, θ)ε(vw+i, θ).

Then

n(d) =

∫
Tt
|g̃(β; c, θ)|2we(−β1c1d1 − · · · − βtctdt)dβ,

so that on recalling (8.3) we obtain

Jw(hbα) =
∑

c

∑
d

n(d)e(h(α1b1c1d1 + · · ·+ αtbtctdt)),

where the second summation is over d with |di| ≤ w(MR)ki (1 ≤ i ≤ t). Thus, on interchanging the
order of summation, and making the trivial estimate |n(d)| ≤ n(0) ≤ Sw(MR,R), we deduce that

∑
1≤h≤H

Jw(hbα) ≤ Sw(MR,R)
∑

1≤h≤H

∑
d

t∏
i=1

∣∣∣∣∣∣
∑

1≤ci≤m(P/M)ki

e(αihbicidi)

∣∣∣∣∣∣
� Sw(MR,R)(PR)k1+k2+···+kt min

J⊆{1,...,t}
J 6=∅

∏
i∈J

Υi(qi), (8.6)

where
Υi(qi) = (PR)−ki

∑
1≤h≤H

∑
|di|≤w(MR)ki

min
{

(P/M)ki , ‖hbidiαi‖−1
}
.

But [18], Lemma 2.2 implies that

Υi(qi)�b H
1+εqεi

(
q−1
i + (P/M)−ki +H−1(MR)−ki + qiH

−1(PR)−ki
)
,

whence by (8.5) and (8.6), on recalling that ∆m and ∆w are admissible exponents, we obtain

Ψ� (HP )εM∆w(P/M)∆mH−1 min
J⊆{1,...,t}
J 6=∅

∏
i∈J

θi(P ;λ).

The lemma now follows immediately from (8.4).

The exponential sum estimate provided by Theorem 8.1 leads with little difficulty to a proof of
Theorem 8 via standard fractional parts methods. Before proving the latter theorem, we remark that
Theorem 8 is applicable in cases where the αi are not all irrational. For suppose that the latter is the
case. We partition the set of indices into two disjoint sets Q and I so that αi ∈ Q when i ∈ Q, and
αj 6∈ Q when j ∈ I. Then there exist integers ai ∈ Z and q ∈ N with αi = ai/q (i ∈ Q), and moreover

‖α1(qn)k1 + · · ·+ αt(qn)kt‖ =

∥∥∥∥∥∑
i∈I

αi(qn)ki

∥∥∥∥∥ =

∥∥∥∥∥∑
i∈I

βin
ki

∥∥∥∥∥ ,
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where βi = αiq
ki (i ∈ I). Note that if I = ∅, then ‖α1(qn)k1 + · · · + αt(qn)kt‖ = 0 for n ∈ N, and we

are done. In the remaining cases we deduce that whenever γ is a positive number for which, given any
ε > 0, there are infinitely many solutions n ∈ N of the inequality

∥∥∑
i∈I βin

ki
∥∥ ≤ nε−γ , then given any

ε > 0, there are infinitely many n ∈ N with
∥∥∥∑t

i=1 αin
ki

∥∥∥ ≤ nε−γ . Moreover the βi are all irrational.

It therefore follows from Theorem 8 that one may take

γ = max
s∈N

κ1 − 2∆s,κ

4s2
,

where κ = (ki)i∈I , and κ1 = maxi∈I ki. Owing to the nature of our methods, in practice one will find
that α(k) ≤ γ.

Proof of Theorem 8. We begin by disposing of the case in which the αi are not all in rational ratio. Let
a/q be a convergent to the continued fraction of α1, so that a ∈ Z, q ∈ N, (a, q) = 1 and |α1−a/q| ≤ q−2.
We define α(k) as in the statement of Theorem 8, with s the value of the parameter corresponding to
the maximum. Let φ be any real number with 4ε < φ < α(k), and define the real numbers N and H by
Nk1−φ = q2 and H = Nα(k)−φ. We apply Theorem 8.1 with λ = 1

2 , m = w = s and bi = 1 (1 ≤ i ≤ t),
noting that we may take J = {1} in the implied minimum, and discard the remaining indices by taking
any continued fraction convergents to the αi with i ≥ 2. We deduce that∑

1≤h≤H

|fk(hα;N,Nη)| � (HN)1+ε
(
N∆s−(k1−φ)/2

)1/(2s2)

+HN1/2.

But 2∆s − (k1 − φ) = φ − 4s2α(k), whence
∑

1≤h≤H |fk(hα;N,Nη)| = o(N). Moreover (see, for

example, [19], Lemma 5.3) one has card(A(N,Nη))�η N , and so

∑
1≤h≤H

|fk(hα;N,Nη)| = o

 ∑
n∈A(N,Nη)

1

 .

It therefore follows from [5], Lemma 5, that

min
1≤n≤N

‖α1n
k1 + · · ·+ αtn

kt‖ < H−1 = Nφ−α(k),

and the theorem follows in the first case on taking a sequence of q going to infinity.
In the case in which the αi are in rational ratio, one may of course conclude as above that for infinitely

many n ∈ N one has ‖α1n
k1 + · · · + αtn

kt‖ ≤ nε−α(k). However, if the ki are suitably distributed one
may obtain a sharper conclusion. We write α = αb with b ∈ Zt and α ∈ R. Let a/q be a convergent
to the continued fraction of α, so that a ∈ Z, q ∈ N, (a, q) = 1 and |α− a/q| ≤ q−2. We define β(k) as
in the statement of Theorem 8, with s the value of the parameter corresponding to the maximum. Let
φ be any real number with 4ε < φ < β(k), and define the real numbers N and H by Nk1−φ = q2 and
H = Nβ(k)−φ. We apply Theorem 8.1 with λ = 1

2 and m = w = s to deduce that∑
1≤h≤H

|fk(hbα;N,Nη)| �b (HN)1+ε
(
N∆sΘ

)1/(2s2)
+HN1/2,

where

Θ = H−1 min
J⊆{1,...,t}
J 6=∅

∏
i∈J

Hqε
(
q−1 +N−ki/2 + qH−1N−ki

)

� Nε−(k1−φ)/2 min
2≤r≤t

r∏
i=2

N
1
2 (k1−φ)−ki � N tφ−K/2.

But 2∆s − (K − 2tφ) = 2tφ − 4s2β(k), whence
∑

1≤h≤H |fk(hbα;N,Nη)| = ob(N). Thus, as in the
first case, we deduce that

min
1≤n≤N

‖α1n
k1 + · · ·+ αtn

kt‖ < H−1 = Nφ−β(k),
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and the theorem follows in the second case on taking a sequence of q going to infinity.

The proof of Corollary 8.1 is routine, and so we can afford to be brief.

The proof of Corollary 8.1. In order to prove the first part of the corollary, we put u0 = [ 1
2 tk1(log t +

log log t + 4)] + 1, and note that in the notation of Theorem 2 we have u0 < s0. Then by Theorem 2
the exponent ∆u0

is admissible, where

∆u0
= tk1 exp(2− (log t+ log log t+ 4)) = e−2k1/ log t.

Then when k1 is large, the conclusion (1.14) of Theorem 8 holds with

α(k) =
k1 − 2∆u0

4u2
0

=
k1(1− 2e−2/ log t)

t2k2
1(log t+ log log t+ 4)2

− ε,

and a modest computation reveals that when t > 1 one has

α(k)−1 < t2k1(log t+ log log t+ 7)2.

For the second part of the corollary, we may assume that ki = o(
√
k1) for i ≥ 2. Thus, by the

argument of the proof of Theorem 3, we may suppose that the exponent ∆s is admissible, where

∆s = ∆s,k1 +
t∑
i=2

ki = ∆s,k1 + o(k1) (s ∈ N).

But the Corollary to [26], Theorem 2.1 implies that when s ∈ N, the exponent ∆s,k1 = ∆ is admissible

where ∆ is the unique positive solution of the equation ∆e∆/k1 = k1e
1−2s/k1 . Then provided that s is

bounded by a fixed multiple of k1, one has that ∆s = (1 + o(1))∆ is admissible. Thus we may apply
precisely the argument of §4 of [26] to deduce that (1.14) holds with α(k)−1 = (γ + o(1))k1. This
completes the proof of the corollary.

9. Waring’s problem for polynomials, I

In this section we establish the first part of Theorem 9 by using an argument which makes use of
diminishing ranges. We defer to the next section the homogeneous argument used to prove the second
part of Theorem 9. We suppose that g(x) is a polynomial with rational coefficients taking integral
values whenever x is an integer. If g has degree k and weight t, then for some bi ∈ Q (1 ≤ i ≤ t), and

k1, . . . , kt satisfying (1.2) and k1 = k, one has g(x) =
∑t
i=1 bix

ki . Let d be the least positive integer
such that dbi ∈ Z (1 ≤ i ≤ t), and let ω = b1/|b1|. Then it follows that n admits a representation
in the form (1.15) if and only if ωdn admits a representation in the form (1.15) with g(x) replaced

by
∑t
i=1(ωdbi)x

ki . Consequently, we may assume that the polynomial g(x) takes the form
∑t
i=1 aix

ki

with ai ∈ Z (1 ≤ i ≤ t) and a1 > 0.
Let k1 be sufficiently large, let n be a sufficiently large positive integer, and write P =

[
(n/a1)1/k

]
.

Let ε be a positive number sufficiently small in terms of k, and let η be a positive number sufficiently

small in terms of ε and k. Write R = P η, and when i is a natural number write Pi = 2−iP (1−1/k)i−1

.
Take s and u to be integer parameters, bounded in terms of k, to be chosen later. We consider the
number, Rs,u(n), of solutions of the diophantine equation

g(x1) + g(x2) +
2s∑
i=1

g(yi) +
2u∑
j=1

g(zj) = n, (9.1)

with
1 ≤ x1, x2 ≤ P, Pi < yi, ys+i ≤ 2Pi (1 ≤ i ≤ s), (9.2)

and
zj ∈ A(P,R) (1 ≤ j ≤ 2u). (9.3)

Write
H(α) =

∑
1≤x≤P

e(αg(x)), h(α) =
∑

z∈A(P,R)

e(αg(z)), (9.4)
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fi(α) =
∑

Pi<y≤2Pi

e(αg(y)) (1 ≤ i ≤ s), (9.5)

and when I is an integer with 1 ≤ I ≤ s, define also

FI,s(α) =
s∏
i=I

fi(α). (9.6)

Then by orthogonality,

Rs,u(n) =

∫ 1

0

F1,s(α)2H(α)2h(α)2ue(−αn)dα. (9.7)

Before executing the Hardy-Littlewood dissection, it is convenient to provide an estimate for the mean
value UI,s(P ), which we define by

UI,s(P ) =

∫ 1

0

|FI,s(α)|2 dα. (9.8)

Lemma 9.1. When k > 2, and I and s are natural numbers with I ≤ s, one has

UI,s(P )� P k((1−1/k)I−1−(1−1/k)s). (9.9)

Proof. This is essentially a standard diminishing ranges argument. We note merely that the Mean
Value Theorem implies that when x and y are integers with x > y ≥ X, and X is sufficiently large,
then one has |g(x)− g(y)| > 1

2ka1X
k−1.

We now apply the Hardy-Littlewood method. Let m denote the set of real numbers α ∈ [0, 1) such

that whenever a ∈ Z, q ∈ N, (a, q) = 1 and |α − a/q| ≤ q−1P
1
2−k, then one has q > a1P

1/2R. Then
recalling the definition of nλ, we may apply Theorem 7 to deduce that

sup
α∈m
|h(α)| � P 1−τ(k)+ε, (9.10)

where when k is large one may take τ(k)−1 = (1 + o(1))2tk (log k + log t). Thus, since k is sufficiently
large, we have supα∈m |h(α)| � P 1−τ1(k), where

τ1(k)−1 = 6tk log k. (9.11)

We now fix u in terms of s by setting

u =

[
k(1− 1/k)s

2τ1(k)

]
+ 1. (9.12)

Thus, on using a trivial estimate for H(α), we conclude from Lemma 9.1 that

∫
m

∣∣F1,s(α)2H(α)2h(α)2u
∣∣ dα ≤ P 2

(
sup
α∈m
|h(α)|

)2u ∫ 1

0

|F1,s(α)|2 dα

� T (P )P∆,

where we write

T (P ) = F1,s(0)2P 2u+2−k, (9.13)

and ∆ = k(1 − 1/k)s − 2uτ1(k) < 0. On recalling (9.11) and (9.12), we may therefore summarise our
deliberations thus far with the following lemma.
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Lemma 9.2. Let s be a natural number, and write u = [3tk2 log k(1− 1/k)s] + 1. Then there exists a
positive number δ such that ∫

m

∣∣F1,s(α)2H(α)2h(α)2u
∣∣ dα� T (P )P−δ.

It remains to determine the contribution of the major arcs M = [0, 1) \ m. We adopt a pruning
procedure, taking W to be a pruning parameter with 2 ≤W ≤ P 1/4 to be chosen later. Define

M(q, a) = {α ∈ [0, 1) : |qα− a| ≤ P
1
2−k}. (9.14)

Then M is the disjoint union of the M(q, a) with 0 ≤ a ≤ q ≤ a1P
1/2R and (a, q) = 1. Define also

N(q, a) = {α ∈ [0, 1) : |qα− a| ≤WP−k}, (9.15)

and let N denote the union of the N(q, a) with 0 ≤ a ≤ q ≤ W and (a, q) = 1. Plainly, for each a and
q one has N(q, a) ⊆M(q, a) and N ⊆M. We write, further, n = [0, 1) \N, so that n = (M \N) ∪m.

We record in the following lemma standard estimates for the exponential sum H(α) used in our
pruning operation. We define Sg(q, a) as in (1.18), and define also

Ig(β) =

∫ P

0

e(βg(γ))dγ. (9.16)

Further, when α ∈M(q, a) we write

V (α; q, a) = q−1Sg(q, a)Ig(α− a/q). (9.17)

Finally, we define the function V (α) to be V (α; q, a) when α ∈ M(q, a), 0 ≤ a ≤ q ≤ a1P
1/2R and

(a, q) = 1, and to be zero otherwise.

Lemma 9.3. When α ∈M(q, a), one has

H(α)− V (α; q, a)� q + |qα− a|P k. (9.18)

Moreover, when (a, q) = 1,

V (α; q, a)� qεP
(
q + |qα− a|P k

)−1/k
. (9.19)

Proof. The estimate (9.18) follows from Theorem 7.2 of Vaughan [18], while (9.19) follows from Lemma
4.2 of R. Baker [1] combined with Theorem 7.3 of Vaughan [18], on noting that g(P )� P k.

Our pruning operation is facilitated by the following lemma.

Lemma 9.4. Suppose that s is an integer with s ≥ 2k + 2. Then∫
M

|H(α)|sdα� P s−k,

and there is a positive number δ such that∫
M\N

|H(α)|sdα� P s−kW−δ.

Proof. It follows from Lemma 9.3 that when α ∈ M one has H(α) = V (α) + O(P 1/2+ε), whence for
positive integral s,

|H(α)|s − |V (α)|s � P s/2+ε + P 1/2+ε|V (α)|s−1. (9.20)

Write M for either M or M \ N, and define Y = Y (M) to be 1 when M = M, and to be W when
M = M \N. Then it also follows from Lemma 9.3 that whenever s > k,∫

M
|V (α)|sdα� P s−k

∑
1≤q≤P

q1−s/k+ε min{1, (q/Y )
s
k−1},

and thus for s > 2k, ∫
M
|V (α)|sdα� P s−kY ε−1/k.

The lemma now follows immediately from (9.20).

We are now in a position to establish the pruning lemma.
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Lemma 9.5. When B ⊆ [0, 1), write

I(B) =

∫
B
|F1,s(α)H(α)h(α)u|2 dα.

Then provided that u ≥ k,
I([0, 1))� T (P ),

and there is a positive number δ such that

I(n)� T (P )W−δ.

Proof. By applying Hölder’s inequality we obtain

I(M) ≤
(∫
M
|F1,s(α)2H(α)2u+2|dα

) 1
u+1

(∫ 1

0

∣∣F1,s(α)2h(α)2u+2
∣∣ dα) u

u+1

, (9.21)

where M is either M or M \N. Moreover, by considering the underlying diophantine equations,∫ 1

0

∣∣F1,s(α)2h(α)2u+2
∣∣ dα ≤ ∫ 1

0

∣∣F1,s(α)2H(α)2h(α)2u
∣∣ dα = I([0, 1)). (9.22)

But by Lemma 9.2, for some positive number δ one has

I([0, 1)) = I(M) + I(m)� I(M) + T (P )P−δ.

We note that by making a trivial estimate in combination with Lemma 9.4, whenever u ≥ k one has∫
M

|F1,s(α)2H(α)2u+2|dα ≤ F1,s(0)2

∫
M

|H(α)|2u+2dα� T (P ).

Then we deduce from (9.21) and (9.22) that whenever u ≥ k, one has

I([0, 1))� (T (P ))
1

u+1 (I([0, 1)))
u
u+1 + T (P )P−δ,

whence
I([0, 1))� T (P ). (9.23)

This establishes the first part of the lemma.
Next we substitute (9.22) and (9.23) into (9.21). On applying Lemma 9.4, we deduce that for some

positive number δ,

I(M \N)�
(
T (P )W−(u+1)δ

) 1
u+1

(T (P ))
u
u+1 .

Then, again recalling Lemma 9.2, we find that

I(n) = I(M \N) + I(m)� T (P )W−δ.

This completes the proof of the lemma.

In order to complete the proof of the first estimate of Theorem 9, we require estimates for the
exponential sum h(α) on suitable pruned major arcs N. Let ρ(x) denote Dickman’s function, defined
for real x by

ρ(x) = 0 when x ≤ 0,

ρ(x) = 1 when 0 < x ≤ 1,

ρ is continuous for x > 0,

ρ is differentiable for x > 1,

xρ′(x) = −ρ(x− 1) for x > 1.

We define, further,

Jg(β) =

∫ P

R

ρ

(
log γ

logR

)
e(βg(γ))dγ, (9.24)

and when α ∈ N(q, a) we write

W (α; q, a) = q−1Sg(q, a)Jg(α− a/q). (9.25)

We require the estimates contained in the following lemmata.
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Lemma 9.6. Suppose that R = P η with η a sufficiently small positive number. Then when q ≤ R,
(a, q) = 1 and α ∈ N(q, a), one has

h(α)−W (α; q, a)� P

logP
(q + P k|qα− a|).

Proof. This is immediate from Lemma 8.5 of [22].

Lemma 9.7. One has
Jg(β)� P (1 + P k|β|)−1/k.

Proof. This follows from Lemma 8.6 of [22], on recalling that g(P )� P k.

On applying the triangle inequality together with Lemma 9.5, we deduce that for some positive
number δ, ∫

M\N
F1,s(α)2H(α)2h(α)2ue(−αn)dα�

∫
M\N

∣∣F1,s(α)2H(α)2h(α)2u
∣∣ dα

� T (P )W−δ.

Then by (9.7),

Rs,u(n) =

∫
N

F1,s(α)2H(α)2h(α)2ue(−αn)dα+O
(
T (P )W−δ

)
.

We now obtain an asymptotic formula for the contribution of the pruned major arcs. Write

Ig,i(β) =

∫ 2Pi

Pi

e(βg(γ))dγ (1 ≤ i ≤ s).

Lemma 9.8. Suppose that W ≤ R. Then∫
N

F1,s(α)2H(α)2h(α)2ue(−nα)dα−
∑

1≤q≤W

S(q)J∗(q, P,W )� T (P )W 3/ logP,

where

S(q) =

q∑
a=1

(a,q)=1

(
q−1Sg(q, a)

)2s+2u+2
e(−na/q),

and

J∗(q, P,W ) = F2,s(0)2

∫ q−1WP−k

−q−1WP−k
Ig(β)2Ig,1(β)2Jg(β)2ue(−nβ)dβ.

Proof. Suppose that 0 ≤ a ≤ q ≤W , (a, q) = 1 and α ∈ N(q, a). Then by Lemma 9.3,

H(α)− V (α; q, a)�W, (9.26)

and by Lemma 9.6, when W ≤ R,

h(α)−W (α; q, a)�WP/ logP. (9.27)

Meanwhile Theorem 7.2 of Vaughan [18] shows that under the same circumstances,

fi(α)− q−1Sg(q, a)Ig,i(α− a/q)�W (1 ≤ i ≤ s). (9.28)

We note further that when 2 ≤ i ≤ s, and |β| ≤ q−1WP−k, one has

Ig,i(β) =

∫ 2Pi

Pi

e(βg(γ))dγ = Pi +O(q−1WP k+1
i /P k),
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whence for some positive number δ,

Ig,i(β) = Pi +O(P−δ). (9.29)

On combining (9.26)-(9.29), we deduce that when 0 ≤ a ≤ q ≤ W , (a, q) = 1 and α ∈ N(q, a), one
has

F1,s(α)2H(α)2h(α)2ue(−αn)− S̃(q, a)J̃(q, P,W ;α− a/q)
� F1,s(0)2P 2u+2W/(logP ),

where
S̃(q, a) =

(
q−1Sg(q, a)

)2s+2u+2
e(−na/q),

and

J̃(q, P,W ;β) = Ig(β)2Ig,1(β)2Jg(β)2u

(
s∏
i=2

Pi

)2

e(−nβ).

The lemma follows on integrating each side of the last inequality with respect to α over the set N.

Lemma 9.9. Let

J(n) = F2,s(0)2

∫ ∞
−∞

Ig(β)2Ig,1(β)2Jg(β)2ue(−nβ)dβ.

Then when u > k − 2, the singular integral J(n) converges absolutely, J(n)� T (P ), and

J∗(q, P,W )− J(n)� (q/W )1/kT (P ).

Proof. This is a standard consequence of the estimate Ig(β) � P (1 + P k|β|)−1/k which follows from
Theorem 7.3 of Vaughan [18], together with Lemma 9.7 (see the proof of Lemma 10.2 of [22] for a
similar analysis of a two dimensional case).

Lemma 9.10. There is a positive number C such that J(n) ≥ CT (P ).

Proof. On making a change of variable, we have

Ig(β) = P

∫ 1

0

e(βg(γP ))dγ,

Ig,1(β) = P

∫ 1

1/2

e(βg(γP ))dγ,

and

Jg(β) = P

∫ 1

R/P

ρ

(
logP

logR
+

log γ

logR

)
e(βg(γP ))dγ.

Thus, on making a second change of variables, we deduce that

J(n) = C(P )T (P ),

where

C(P ) =

∫ ∞
−∞

∫
B
P(γ)e(βΨ(γ;P ))dγdβ,

Ψ(γ;P ) = P−k (g(γ1P ) + · · ·+ g(γ2u+4P )− n) ,

P(γ) =
2u∏
i=1

ρ(log(Pγi)/ logR),

and
B = (R/P, 1]2u × [0, 1]2 × [ 1

2 , 1]2.
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We note that in view of the absolute convergence of J(n), the contribution to J(n) from the region with
|β| > P 1/3 tends to zero as P →∞.

We observe that P(γ) behaves as a positive weight function for each γ ∈ B. Thus a standard
application of Fourier’s integral formula reveals that

C(P ) ≥
∫ ∞
−∞

∫
B′
P(γ)e(βΨ(γ;P ))dγdβ,

where B′ = [ 1
2 , 1]2u+4. Further, since R = P η it follows that when 1

2 ≤ γ ≤ 1,

ρ(log(Pγ)/ logR) = ρ(η−1 + η−1 log γ/ logP )

= ρ(η−1) +O(1/ logP ),

and hence
P(γ) = ρ(η−1)2u +O(1/ logP ).

Moreover,
e(βΨ(γ;P )) = e(βa1(γk1 + · · ·+ γk2u+4 − 1)) +O(βP−1).

On recalling the concluding remark of the previous paragraph, moreover, we may restrict attention to
the situation where |β| ≤ P 1/3, in which case the contribution to C(P ) arising from the latter error
term is O(P−1/3). We therefore deduce that

C(P ) ≥ ρ(η−1)2uD + o(1),

where

D =

∫ ∞
−∞

∫
B′
e(βa1(γk1 + · · ·+ γk2u+4 − 1))dγdβ.

A further standard application of Fourier’s integral formula reveals that D is positive. This completes
the proof of the lemma.

Lemma 9.11. The function S(q) is multiplicative. Moroever, when s+ u ≥ k one has∑
1≤q≤W

q1/k|S(q)| �W ε.

Proof. This is standard (see, for example, Chapters 2 and 4 of Vaughan [18], and the proof of Lemma
10.6 of [22] for a similar argument).

Lemma 9.12. Suppose that s+ u ≥ k. Then for some σ > 0 one has∑
1≤q≤W

S(q)J∗(q, P,W ) = J(n)S(W ) +O(W−σT (P )),

where
S(W ) =

∑
1≤q≤W

S(q).

Further, S(n) =
∑∞
q=1 S(q) converges absolutely, and S(W )−S(n)�W−τ for some τ > 0.

Proof. This is standard using Lemma 9.11 (see the proof of Lemma 10.7 of [22] for a similar argument).

Combining the conclusions of Lemmata 9.8, 9.9, 9.10 and 9.12, we deduce that when s+u ≥ k, there
are positive numbers C and σ such that whenever W ≤ R, one has

Rs,u(n) ≥ CS(n)T (P ) +O((W 3/ logP +W−σ)T (P )).

On taking W to be a suitable power of logP , therefore, one finds that

Rs,u(n) ≥ (S(n) + o(1))CT (P ).
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Then given a positive number δ, all sufficiently large numbers n with S(n) > δ satisfy the condition

Rs,u(n) > (δ + o(1))CT (P )→∞

as n→∞. Consequently, recalling the definition of G(g),

G(g) ≤ 2s+ 2u+ 2 = 2s+ 2[3tk2 log k(1− 1/k)s] + 4.

On taking s = [k(log k + log t+ log log k)] + 1, we have

tk2 log k(1− 1/k)s ≤ tk2 log k exp(−(log k + log t+ log log k)) ≤ k,

whence
G(g) ≤ 2k(log k + log t+ log log k +O(1)).

This completes the proof of the first part of Theorem 9.

10. Waring’s problem for polynomials, II

In this section we establish the second part of Theorem 9 by using a homogeneous argument. We
adopt the same notation and conventions as in §9, but now consider the number, rs,u(n), of solutions
of the diophantine equation

g(x1) + g(x2) +
2s+2u∑
i=1

g(yi) = n, (10.1)

with
1 ≤ x1, x2 ≤ P, yi ∈ A(P,R) (1 ≤ i ≤ 2s+ 2u). (10.2)

Recalling (9.4) it follows from orthogonality that

rs,u(n) =

∫ 1

0

H(α)2h(α)2s+2ue(−αn)dα. (10.3)

Before executing the Hardy-Littlewood dissection, we provide an estimate for the mean value Vw(P,R),
which we define by

Vw(P,R) =

∫ 1

0

|h(α)|2wdα.

Lemma 10.1. For each positive integer w, one has

Vw(P,R)� PκSw,k(P,R),

where κ =
∑t
i=2 ki.

Proof. We note that by orthogonality, Vw(P,R) counts the number of solutions of the diophantine
system

w∑
i=1

(g(xi)− g(yi)) = 0,

w∑
i=1

(x
kj
i − y

kj
i ) = hj (2 ≤ j ≤ t),

with xi, yi ∈ A(P,R) (1 ≤ i ≤ w), as hj (2 ≤ j ≤ t) varies over all possible integral (t− 1)-tuples. Then

Vw(P,R) =
∑

|h2|≤wPk2

· · ·
∑

|ht|≤wPkt

∫
Tt
|G(α)|2we(−h2α2 − · · · − htαt)dα,

where
G(α) =

∑
x∈A(P,R)

e(α1g(x) + α2x
k2 + · · ·+ αtx

kt).
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Thus,

Vw(P,R)�

(
t∏
i=2

2wP ki

)∫
Tt
|G(α)|2wdα

� Pκ
∫
Tt
|fk(α;P,R)|2wdα,

and the lemma follows immediately.

We now apply the Hardy-Littlewood method. Let m be defined as in §9. Then applying Theorem 7,
we deduce that

sup
α∈m
|h(α)| � P 1−ν(k)+ε,

where when k is large one may take

ν(k)−1 = (1 + o(1))2k1

(
3t2 + 6t log log k1 + log(k1 . . . kt)

)
.

Thus, since k is sufficiently large, we deduce that when t = o(
√

log(k1 . . . kt)), then we have supα∈m |h(α)| �
P 1−ν1(k), where

ν1(k)−1 = 4k1 log(k1 . . . kt). (10.4)

Suppose that ∆s = ∆s,k is an admissible exponent. We fix u in terms of s by setting

u =

[
∆s

2ν1(k)

]
+ 1. (10.5)

Thus, on using a trivial estimate for H(α), we conclude from Lemma 10.1 that∫
m

∣∣H(α)2h(α)2s+2u
∣∣ dα ≤ P 2

(
sup
α∈m
|h(α)|

)2u ∫ 1

0

|h(α)|2sdα

� P 2s+2u+2−k−δ,

where δ = 2uν1(k)−∆s > 0. On recalling (10.4) and (10.5), we may therefore summarise our deliber-
ations thus far with the following lemma.

Lemma 10.2. Let s be a natural number, and write u = [2∆sk1 log(k1 . . . kt)] + 1. Then there exists a
positive number δ such that ∫

m

|H(α)2h(α)2s+2u|dα� P 2s+2u+2−k−δ.

In order to determine the contribution of the major arcs M = [0, 1) \ m, we merely note that the
treatment of §9 may be adapted by replacing the function F1,s(α) by the function taking the value 1
for α ∈ [0, 1). Thus we find that when s+ u ≥ k, there is a positive number C such that

rs,u(n) ≥ (S(n) + o(1)) CP 2s+2u+2−k,

where

S(n) =
∞∑
q=1

q∑
a=1

(a,q)=1

(
q−1Sg(q, a)

)2s+2u+2
e(−an/q).

Then given a positive number δ, all sufficiently large numbers n with S(n) > δ satisfy the condition

rs,u(n) > (δ + o(1))CP 2s+2u+2−k →∞

as n→∞. Consequently,

G(g) ≤ 2s+ 2u+ 2 = 2s+ 2 [2∆sk log(k1 . . . kt)] + 4. (10.6)
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But Theorem 3 implies that when

s =
[

1
2k
(
log(k1 . . . kt) + 3t2

)]
+ tk [2 log log k + log log(k1 . . . kt) + 1] ,

one has that ∆s is admissible, where

∆s ≤ (log k)2 exp (−(2 log log k + log log(k1 . . . kt)))� (log(k1 . . . kt))
−1
.

Thus when t = o
(√

log(k1 . . . kt)
)

, it follows from (10.6) that

G(g) ≤ (1 + o(1))k log(k1 . . . kt).

This completes the proof of the second assertion of Theorem 9.
When g is d-lite we modify our above argument by noting that the observation (6.21) implies that

whenever the exponent ∆s,k is admissible, then so is ∆s,k, where

∆s,k = ∆s,k +
t∑
i=2

ki ≤ ∆s,k + 1
2d(d+ 1).

But when v =
[

1
2k(log k − 2 log log k)

]
+1, it follows from Theorem 2 that the exponent ∆v,k = e3(log k)2

is admissible (a sharper conclusion would follow from the Corollary to Theorem 2.1 of [26]). Thus when
d ≤ log k, one has that ∆v,k is admissible, where ∆v,k = e4(log k)2. Applying Theorem 1, we deduce
that when

s =
[

1
2k(log k − 2 log log k)

]
+ tk [2 log log k + log log(k1 . . . kt)] + 1,

one has that ∆s is admissible, where

∆s � (log k)2 exp (−2 log log k − log log(k1 . . . kt))� (log(k1 . . . kt))
−1
.

Thus when t = o (log k/ log log k), it follows from (10.6) that

G(g) ≤ (1 + o(1))k log k.

This completes the proof of the final assertion of Theorem 9.
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16. V. I. Nečaev, Waring’s problem for polynomials, vol. 38, Trudy Mat. Inst. Steklov., Izdat. Akad. Nauk SSSR, Moscow,

1951, pp. 190–243.
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