ON EXPONENTIAL SUMS OVER SMOOTH NUMBERS
TREVOR D. WOOLEY

1. INTRODUCTION

This paper is concerned with the theory and applications of exponential sums over smooth numbers.
Despite the numerous applications stemming from suitable estimates for these exponential sums, thus
far little attention has been paid to any but the simplest cases (see, for example, [19, 20, 23]). Our
primary objective is the development of a method for estimating mean values of exponential sums over
smooth numbers, such mean values being fundamental to subsequent applications. Having established
such a method, we develop estimates of use in applications of such exponential sums inside the fabric of
the Hardy-Littlewood method. For the purposes of illustrating the power of our new estimates, we draw
corollaries concerning the distribution of the fractional parts of polynomials, and for Waring’s problem
with polynomial summands. There are also consequences of our methods for problems involving the
global solubility of simultaneous additive equations, but we defer an account of such developments to a
later occasion (see [30]). These applications by no means exhaust the available supply. Our estimates
will also be useful in considering problems concerning simultaneous small values of additive forms (see,
for example, [18], Chapter 11), and the simultaneous distribution modulo 1 of additive forms (see [6]).

In order to describe our conclusions, we shall require some notation. When P and R are positive
integers, let A(P, R) denote the set of R-smooth numbers up to P, that is,

A(P,R)={n€ZnN[1,P] : pprime, pln=p < R}. (1.1)
Consider a fixed t-tuple, k = (kq,..., k), of positive integers satisfying
lék’t</{7t_1<"'<k’1, (1.2)

and define the exponential sum fx(a; P, R) by

fx(a; P,R) = Z e(arz™ + -+ ), (1.3)
z€A(P,R)

where e(z) denotes e2™%. We define S;(P, R) = Ss(k)(P, R) by
S¥(P,R)= [ |fx(a; P, R)|*de, (1.4)
Tt

where T? denotes the t-dimensional unit cube. We note that by orthogonality, S(P, R) is equal to the
number of solutions of the system of diophantine equations

Y@ -y =0 (1<j<y), (1.5)

with z;,y; € A(P,R) (1 <i<s).
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Our estimates for Ss(P, R) are established through iterative procedures similar to those of Vaughan
and Wooley [19, 20, 23]. In order to explain such methods, it is convenient to describe some notation
with which to discuss bounds for the mean values Ss(P, R). We shall say that an exponent Ay = A i is
permissible whenever the exponent has the property that for each € > 0, there exists a positive number
n = n(e, s, k) such that whenever R < P", one has

S(P R) < g Pree. (1.6)

Permissible exponents certainly exist, since for each s the estimate Ss(k)(P, R) < P?% is trivial. In
our applications we take R = P" with n small and positive. In such circumstances the bound
card(A(P, R)) >, P leads via a standard argument (see, for example, [25]) to the lower bound

SE)(P,R) > g1 P+ P¥ Xizi ki (1.7)

whence whenever the exponent Ay is permissible, one has A\;x > 2s — Zle k;. We note that by
considering products of local densities, for s > ki + --- + k; one expects that the exponent A\;x =
25 — S'_, k; should be permissible.

In its most basic form, the efficient differencing process which we develop in §§2, 3 and 4, leads to
very simple, yet useful bounds for permissible exponents. In §5 we establish the following theorem.

Theorem 1. Let ky, ...,k be integers satisfying (1.2). Suppose that r is an integer with 1 <r <t+1,
and that s is a positive integer with s = r (mod t). Then the exponent

t
)\s,kzzs_zki+As

=1

t
A, = (Z ki — 7‘) (1 —1/ky) 5=/t
=1

When t = 1, Theorem 1 provides the same conclusion as Vaughan [19], Theorem 7.1. We note that
Karatsuba has stated a similar theorem ([13], Theorem 1) which provides estimates for Ss(P, R), with
a modest condition on s, in the more restricted range of R satisfying log R = o(log P). Karatsuba
provides no details of the proof of his theorem, but notes that his argument emulates Linnik’s so-called
“p-adic” approach to Vinogradov’s mean value theorem (see [14]). In common with previous work
on mean values of exponential sums over smooth numbers, our proof of Theorem 1 is also motivated
by Linnik’s p-adic method. However, serious obstacles must be negotiated in order to obtain the full
strength of Theorem 1 above.

In §6 we exploit the full power of our repeated efficient differencing method, thereby improving
substantially the estimates provided by Theorem 1 (and also, in consequence, the estimates of Karatsuba
[13], Theorem 1). Our conclusions are somewhat complicated to describe in their most precise form,
and so we defer their enunciation to §6. Fortunately, however, it is possible to obtain simple estimates
of considerable utility, the first of which we describe in Theorem 2 below.

Theorem 2. Let kq, ...,k be integers satisfying (1.2). Write
so = 2tky (log(tk1) — 2loglogky),
and when s is a positive integer, define the exponent Ag by
thye2—2s/(th) when 1 < s < s,
- { e3(log k)2 (1 — 1/k) 75" when s > so.
Then there exists an absolute constant Ky such that whenever ki > K, the exponent A\gx = 25 —
S ki + A, is permissible.

18 permissible, where

(1.8)

Observe that Theorem 2 yields permissible exponents A\ = 2s — 2221 ki + Ag with A behaving
roughly like tkie~2%/(t%1)  Meanwhile Theorem 1 yields a similar conclusion with A, behaving in most
circumstances like tkie /(1) and consequently Theorem 2 is about twice as powerful as Theorem 1
in applications. We note that while the factor e® occurring in definition (1.8) can be somewhat reduced
with greater effort, such an improvement does not have significant consequences.

When t is no larger than about (log(ky ... kt))l/ % and s is sufficiently large, an alternative strategy
leads us in §6 to a conclusion which usually provides estimates for permissible exponents A\ superior to
those stemming from Theorem 2.
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Theorem 3. Lett > 2, and let kq, ...,k be integers satisfying (1.2). Write
s1 = [3k1 (log(kiks ... ki) + 3t%)], (1.9)
and when s is an integer exceeding s; with s = s; (mod t), define the exponent Ay by
Ay = (logki)?(1 —1/ky) s/, (1.10)

Then there exists an absolute constant Ko such that whenever ki > Ko, the exponent A\gx = 25 —
t , .y
Soi_i ki + Ay is permissible.

Theorem 3 is particularly effective when only a small number of the k; are large, since in such
circumstances log(ky ... k;) is substantially smaller than ¢logk;.

In the second part of this paper we consider several applications of our new mean value estimates.
In §7 we establish upper bounds for smooth Weyl sums of use on the minor arcs in applications of the
Hardy-Littlewood method. In Theorem 4 we provide such bounds for multi-dimensional exponential
sums.

Theorem 4. When kq,...,k: are integers satisfying (1.2), and p is a positive real number, denote by
m,, the set of o € R* such that whenever a € Z', q € N,

(a1,-.- a5,9) =1 and |a; —a;/q| < ¢ 'PFRRITT (1 <i<t), (1.11)

then one has ¢ > PFR'. Suppose that t is an integer exceeding 1, and that X\ is a real number with

0 < X < 1/t. Suppose further that the numbers Ay (s € N) have the property that for each s the

exponent \s x = 25 — 22:1 k; + Ag is permissible. Then for each € > 0, there exists a positive number

n =n(e, A\, k) such that whenever R < P", one has

sup |fk(a; P, R)| < plold)+e

(s 7S 11 PS5

where A (1-NA
ok;\) = p max 55 . (1.12)

When the argument of the exponential sum fyx(o; P, R) takes the shape atp(z), with ¢ (z) € Zx],
one can obtain a sharper conclusion. We define some further notation at this point for the sake of
convenience. When a; € Z (1 < i < t) we write ¢y (z;a) = a12* + - - + a;2%, and define

g(a;P,R)= > e(ot(;a)). (1.13)
z€A(P,R)
Theorem 5. Suppose that k1, ..., ks are integers satisfying (1.2), and when p is a positive real number,

denote by n,, the set of a € R such that whenever a € Z, ¢ € N, (a,q) =1 and |a — a/q| < g71 P+,
then one has q > |a1|P*R. Suppose that X is a positive real number with 0 < A\ < 1. Then with o(k; \)
defined by (1.12), for each € > 0, there exists a positive number n = n(e, \,k) such that whenever
R < P,

sup |gx(o; P, R)| < Pr=okidte,

aeny

There are immediate applications of Theorems 4 and 5 to problems concerning localised estimates
for the fractional parts of polynomials. Thus, in Theorem 6 we provide estimates for miny<,<n || f(n)|],
where f(n) is a polynomial and ||z|| denotes minyeyz |z — y|.

Theorem 6. Let kq,...,k; be integers satisfying (1.2), and let a € R'. Suppose that the numbers Ag
t

(s € N) have the property that for each s the exponent Asx = 2s — > ., ki + A, is permissible, and
define (k) by
1—(t—1)A,
7(k) = max 1=(=1)A, :
2s>k14+1 25t + 1 + Ag
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Then for each € > 0 there is a real number Ny = No(k,e,t) such that whenever N > N,

min_[Jain® + -+ aynPt|| < NETTH),
1<n<N
Moreover, if the «; are in rational ratio, so that o = aa for some rational t-tuple a and real number
a, then for each € > 0 there is a real number N1 = Ny(k,e,t) such that whenever N > Ny,

min ||ank1 4+ 4 atnkt | < Na—a(k;l/Q)’
1<n<N

where o(k; ) is defined as in (1.12).

It seems worthwhile to record the bounds stemming from Theorems 4, 5 and 6 for large k; in the
following theorem.

Theorem 7. Suppose that ky,..., ks are integers satisfying (1.2), and that kq is large. Define o;(k)
(1=1,2) by

o1(k)™! = tk; min {t(log ki + 3logt), 3t* + 6tloglog k; + log(k; . .. k:t)} ,

and
oa(k) ™" = 2k; min {t(log k1 + logt), 3t> + 6t loglog k1 + log(k1 ... k) } .

(i) Defining m1 and ny/o as in the statements of Theorems 4 and 5, for each € > 0, there exists a
positive number n = n(e, k) such that whenever R < P",

sup |fx(c; P, R)| < P1=(Fo()or(k)+e

acmg

and
sup [gic(a; P, R)| < pr-(tHotoaliore,
acny /o
1) Let o € . en for each € > 0 there 1s a real number Ng = Ng(k,e,t) such that whenever
i) L RY. Th h 0 there i l ber N No(k,e,t h that wh
N > No,
min _[lagn® + - - + aunPt|| <« NeTAHe)olo,
1<n<N
Moreover if the «; are in rational ratio then o1(k) may be replaced by o2(k) in the latter conclusion.

For comparison, Corollary 1.3 of Wooley [24] improves on Theorem 4.5 of Baker [1] to provide the
conclusion
min_||ayn + - + apn®| < NETo3K),
1<n<N

with o3(k)~! ~ 4k?log k, and Theorem 1.2 of Wooley [28] yields

min_|lan®|| < Ne=o+H)
1<n<N

with o4(k)~! ~ klogk (similar conclusions hold for the corresponding estimates for Weyl sums, and
smooth Weyl sums, in the respective cases). It follows, in particular, that Theorem 7 improves on the
estimates available hitherto for ¢ in the range 2 < t < ki/ 2 In order to discuss these improvements
further it is convenient to introduce some nomenclature. We will describe a polynomial f(z;a) =
Zle a; 2% as being of weight t if the total number of non-zero coefficients is t. Thus a non-trivial
polynomial with non-zero degree k has weight between 1 and k (note that we assume the constant
term of the polynomial to be zero for the purposes of these deliberations). Further, we will refer to the
polynomial f as being d-lite if k1, .. ., k; satisfy (1.2) and d > ky. Thus every polynomial of degree k is k-
lite, and the monomial 2* is 1-lite. We note that in those situations where 1)(z; &) has weight ¢t with t =
o(+\/log(ky ...k;)), one has o (k)1 = (1+0(1))tki log(ky ... ki) and o2(k) ™! = (24+0(1))k1 log(ky . . . k¢),
and so when the k; are suitably distributed, Theorem 7 yields substantial improvements over the
previous state of knowledge. For example, when ¢ (x; o) has weight ¢ with ¢ = o(y/log k1), and is d-lite
with logd = O(t), then a simple calculation reveals that o2(k)™! = (2 + o(1))k; log k1, and thus the
conclusions of Theorem 7 are of similar strength to results obtained hitherto for the monomial az*t.

In §8 we turn our attention to unlocalised estimates for fractional parts of polynomials. We refer
the reader to §8 for the details of the exponential sum estimates required in our argument, and instead
record the conclusions of that argument in Theorem 8 below.
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Theorem 8. Let ky,...,k: be integers satisfying (1.2), and let o be a real t-tuple with the property
that «; is irrational for 1 < i <t. Suppose that the numbers Ag (s € N) have the property that for each
s the exponent \sx = 2s — Z;Zl k; + Ag is permissible. Then for each € > 0 there are infinitely many
n € N with

Jainkt 4 - 4 aynPt|| < nfme®), (1.14)

where

k1 — 2A,
ak) = max =5 —

Moreover, if the «; are in rational ratio, so that o = aa for some rational t-tuple a and real number
a, then for each € > 0 there are infinitely many n € N with

an®s -+ gk | < e max(a9.509),

where ©_9A
k) — =
Pll) = max —rm—

s>t

and K = 31, max {0,2k; — k1}.
We illustrate the consequences of Theorem 8 with the following corollary.

Corollary 8.1. Whent > 1 and ky is large, the conclusion (1.14) of Theorem 8 holds with
a(k)™t =tk (logt + loglogt + 7).

Moreover, if the polynomial cyx® + --- + oy is d-lite with d = o(v/k1), then (1.14) holds with
a(k)™! = (v + o(1))k1, where v = 9.0267256... is defined by v = (w + logw — 1)?/(1 — 2w), in which w
is the unique positive solution of the equation w + 2 —w™! = logw.

We note that the second conclusion of Corollary 8.1 is of the same strength as that obtained in [26],
Corollary 1 to Theorem 1.1 for the monomial ax®'. We note also that when the a; are in rational ratio,
and the k; are of size comparable to ki, then the second part of Theorem 8 yields an exponent ((k)
with B(k)™! < tky.

Finally, in §89 and 10, we investigate the consequences of our new mean value estimates for Waring’s
problem with polynomial summands, a problem which has experienced little progress since work 40
years ago of Hua [8, 9, 10, 11|, Necaev [15, 16, 17] and Chen [2]. In order to describe our conclusions
we require some notation. Let g(z) be a polynomial with rational coefficients taking integral values
whenever the argument, z, is an integer. Suppose that the degree of g(x) is k, and that its leading
coefficient is the non-zero rational number a. When s is a natural number and n is a positive integer,
let Rs 4(n) denote the number of representations of n in the form

g(wr) + -+ +g(xs) = n, (1.15)

with the x; non-negative integers. Then when s is sufficiently large in terms of k, one may apply the
Hardy-Littlewood method to obtain the asymptotic formula

_s LA+ 1/R)

foa ) = 4 )

Gy g(n)n* =1 4 o(ns/k=1), (1.16)

where &, 4(n) denotes the singular series, defined by

Ss,9(n) :Z Z (q_ng(q,a))Se(—(m/q), (1.17)

where

Sy(g,a) = e (ag(r)/q). (1.18)
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When g(x) = 2* the formula (1.16) is known to hold for s > sq(k), where so(k) ~ k*logk (see
[3]). In this case, moreover, (1.16) is genuinely an asymptotic formula, since when s > 4k the singular
series (1.17) converges absolutely to a positive number bounded away from zero (see [18], Theorem
4.6). Unfortunately the behaviour of the singular series is considerably more complicated for general
polynomials. Plainly, if for every integer  the polynomial g(x) is divisible by some integer d exceeding
1, then &, 4(n) will be zero when d { n. Even those polynomials g(x) for which no such d exists may
exhibit complicated behaviour. Consider, for example, the polynomials Hy(x) defined by

Hy(z) = 28 Fp(x) — 2" 2 Fp_q(2) + - - - + (=) LR (o),

where Fi(z) = z(x —1)...(x —i+1)/i! (1 < i < k). When k£ > 5, Hua [11] has shown that for
s < 2% — 2(1 — (—=1)¥), there is a certain arithmetic progression of integers n for which the equation
Hy(z1) + -+ - + Hg(xs) = n is locally insoluble, whence & g, (n) = 0.

Rather than consider the intricacies of the behaviour of the singular series in this problem, which is
hardly the point of the present paper, we refer the reader to Chapters 1-3 of Necaev [16], and remark
only that Hua [11] has shown that when g has degree k and s > (k — 1)281 then & 4(n) >, 1. We
proceed along simpler lines, defining G(g) to be the least number s satisfying the property that given a
positive number §, all sufficiently large numbers n with &, 4,(n) > 0 are represented in the form (1.15).
In §§9 and 10 we apply Theorems 2, 3 and 5 to obtain the following estimates for G(g).

Theorem 9. Let g(z) be a polynomial with rational coefficients taking integral values whenever the
argument, x, is an integer. Suppose that g has degree k and weight t. Then

G(g) < 2k(logk + logt + loglog k + O(1)).

)
Suppose further that g(z) = 22:1 a;x®, with ky, ... ks satisfying (1.2), and that the a; are non-zero.

(i) Ift =0 ( Tog (k1 - .. k:t)>, then G(g) < (1 + o(1))ky log(ky . . . k).
(ii) If g is d-lite with d = o (log k1 /loglogky), then G(g) < (1 + o(1))k; logk;.

We note that a standard argument involving the use of diminishing ranges combined with Vino-
gradov’s estimates for exponential sums yields the bound G(g) < (4 + o(1))klogk for any polynomial
g of degree k. Meanwhile, in the classical version of Waring’s problem, in which g(x) = z¥, the best
available bound for G(g) is G(g) < k(log k+loglogk+2+0(1)) (see Theorem 1.4 of Wooley [28]). Thus
the first bound of Theorem 9 interpolates between the latter two bounds for polynomials with weight
a power of k, and the final bound is essentially as strong as the best that can be proved for the special
case of a monomial.

This paper has benefitted from conversations with a number of people over the several years it took to
complete, and the author gladly thanks them all. The author gratefully acknowledges the many helpful
comments of the referee. The first version of this paper was drafted during my first year of graduate
studies at Imperial College, London, directed by Professor R. C. Vaughan, and partly supported by a
grant from the SERC (now the EPSRC).

PART I. MEAN VALUE ESTIMATES

2. SOME PRELIMINARY LEMMATA

Our first goal in this section is an analogue of Linnik’s Lemma suitable for our application in §3.
The argument we use to establish this result is an elaboration on the treatments of [24], Lemma 2.2
and [27], Lemma 2.1. Fundamental to our argument is the use of Lemma 2.1 below, which is closely
related to Bézout’s Theorem.

Lemma 2.1. Let f1,..., fq be polynomials in Z[x1, . .., x4] with respective degrees ki, ..., kq, and write

) — 0f;
J(f;x) = det (890]2 (x)) rien

When p is a prime number, and s is a natural number, let N'(f;p®) denote the number of solutions of
the simultaneous congruences

fixy,..za) =0 (mod p*) (1 <j <d),
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with 1 <x; <p® (1 <i<d) and (J(f;x),p) =1. Then N(£;p°) < ky...kq.
Proof. This is Theorem 1 of [29].

In order to describe our analogue of Linnik’s Lemma, we shall require some notation. Let r, ¢ and
k1, ..., ks be natural numbers satisfying (1.2), and let fi,..., f; be polynomials in Z[z1, ..., z,]. When
d is an integer with 1 < d < min{¢,r}, define the Jacobian determinant J4(f;x) by

o) Ofi
Ja(f;x) = det (8% (x)) i . (2.1)

When k£ and m are positive integers, and u € Z!, define Bl,:’d(m; u; f) to be the set of solutions of the
simultaneous congruences

fi(xe,...,x) = uj (mod m*) (1 <j<t),
with 21, ..., z, distinct modulo m*, and satisfying the condition (.J4(f;x),m) = 1. Finally, define the

function w(k; k, r, d) by
wk;k,r.d) = (r—d)k+Y (k- kj), (2.2)

JEL
where 7 = Z(k; k, d) denotes the set of those indices j for which k; < k and 1 < j < d.

Lemma 2.2. Suppose that fi,..., fi are polynomials in Z[xy, ..., x| with degrees bounded in terms of
ki,..., ks alone. Suppose also that 1 < d < min{t,r}. Then

card (B};d(m; u; f)) <<a,k mw(k;k,r,d)—ks'

Proof. We start with the trivial observation that
card (Bg 4(m; u; f)) < card (B,lj’*d(m; u; f)) ,

where kf = min{k, k;} (1 <i <t). It is well-known that the number of prime divisors of an integer
m with m > 3 is O(logm/loglogm) (see, for example, §22.10 of Hardy and Wright [4]). Thus, by the
Chinese Remainder Theorem, it suffices to show that for any prime p, and each positive integer h,

w(k;k,r,d)

card (Blk‘,*d(ph S f)) < (p") (2.3)

When v is a positive integer, define h;(v) to be v when 1 < j < d, and to be 1 otherwise. We start by
considering C;(p; a; b), which for d < s < r we define to be the number of solutions (z1, ..., z,) distinct
modulo p¥ of the system of congruences

fi(z1,...,25,b1,...,by—s) =a; (mod phj(”)) (1<j<t), (2.4)
with (z1,...,zs) satisfying the condition (J4(f;z),p) = 1. Notice that C5(p;a;b) is independent of b

when s = r. In such circumstances we abbreviate Cj,(p;a;b) to C}(p;a). We bound Blk‘fd through the
inequality

card (BI, ("5 wif)) < 3 Cia(pia), (2.5)
where the summation is over (ay,...,a;) € Z' with
a; =u; (mod phmin{kj’k}) and 1<a; < pFh (1< <ad),

and
a;=u; (modp) and 1<a; <p (d+1<j<t).
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Define Z = Z(k; k, d) as in the preamble to this lemma. Then when 1 < j < d and j ¢ Z (if any such
J exists), we have min{k;, k} = k. Therefore for each u the total number of choices for a is p"®, where

a=> (k—Fk). (2.6)

jeT

Now observe that by assigning the variables b, ..., b,_s arbitrarily in the system (2.4), it follows that
when d < s <r and a € Z!, one has

Cy(psa) <p™*" max Cj(p;a;b).
beZT‘—s
Thus by (2.5),
card (Blk‘*d(ph;u; f)) < ph@tk(r=d) max max Cg, (p;a;b). (2.7)
’ acZ! bezr—d

Moreover, for each b € Z"~¢, it follows from Lemma 2.1 that C{, (p;a;b) < 1, and thus (2.3) follows
from (2.2), (2.6) and (2.7). This completes the proof of the lemma.

Next we provide an estimate related to the number of real singular solutions of a system of additive
equations. Before stating our estimate in Lemma 2.3 below, we require some notation. Suppose that
t and r are positive integers with » < ¢, and that 1,...,9, are polynomials in Z[x| satisfying the
condition

deg(t1) > deg(y2) > - -+ > deg(¢r) > 0.

When Z and J are sets with Z C {1,2,...,2r}, J C {1,2,...,t} and card(Z) = card(J), define the
Jacobian determinant J(Z, J; ) by

J(Z,T;1) = det (¢; (Zi))iel,jej )

When d is an integer with 1 < d < r, denote by I the set of all subsets {j1,...,754} of {1,2,...,2r}
with 1 < j; < jo < -+ < jg < 2r, and write Jy for the set {1,2,...,d}. We will say that the 2r-tuple
of integers z = (z1, ..., z9,) is highly singular for 1) if for each Z € Z} one has J(Z, J,;1) = 0. Further,
when 1 < d <r —1, we will say that z is of type d with respect to v if for some Z € Z}; we have

J(Z,Ja; ) # 0, (2.8)
and in addition, for each i € {1,2,...,2r} \ Z we have
J(Z U{i}, Jav1;9) = 0. (2.9)

We remark that it is an easy exercise, using standard properties of determinants, to show that the type
of a 2r-tuple z is unique, which is to say that z cannot be of type d, and of type d’, with d # d’. Finally,
we denote by S,.(P; ) the set of 2r-tuples (z1,..., z9,), with

1<z<P (1<i<2r), (2.10)

which are highly singular for ).

Lemma 2.3. Adopt the notation of the previous paragraph, and denote by k; the degree of 1; (1 <i < t).
Then card (S,(P;)) <, x P71

Proof. When d is an integer with 1 < d < r — 1, denote by T4(P; ) the set of 2r-tuples z, satisfying
(2.10), of type d with respect to 1. Further, denote by 7o(P;1)) the set of 2r-tuples z for which
J(Z,J1;v¢) = 0 for each T € ZI7. Consider a 2r-tuple z counted by S,(P;) which does not lie in
To(P;4). Then J(Z,J,;v) = 0 for each Z € Z), and there is some Z € I} with J(Z, J1;¢) # 0. It
follows from the definition that z is of type d with respect to @ for some integer d with 1 < d <r —1,
and hence that

r—1
card (S,(P;4)) < Y card (Ta(P; %)) . (2.11)
d=0
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Observe next that if z € To(P; 1)), then necessarily
Wi(z)=0 (1<i<2r). (2.12)

But 1 (z) is a polynomial with degree at least 1, so that | (z) is a non-trivial polynomial with at most
k1 — 1 roots. It therefore follows from (2.12) that

card (To(P;¢)) < (k1 — 1)?" <, 1. (2.13)

Next let d be an integer with 1 < d < r — 1, and consider those z satisfying (2.10) of type d with
respect to 1. The number of subsets of {1,2,...,2r} of cardinality d is (2;). Fix Z to be any one such
subset, and suppose that i € {1,2,...,2r} \ Z. A trivial estimate shows that the number of choices
of z; (I € I) satisfying (2.8) is at most P?. Fix any one such choice of z; (I € Z), and suppose that
the leading coefficient of the polynomial ¢}, ,(z) is A. Then the leading coefficient, with respect to z;,
of J(ZU{i}, Tar1;%) is AJ(Z, Tq;¢). By (2.8), therefore, the equation (2.9) is non-trivial in z;, and

hence the number of possible choices for z; is at most

deg (1/121+1(Z)) = kay1 — 1.

Moreover such holds for each i € {1,2,...,2r}\ Z. Consequently, for each d with 1 < d < r — 1 one has
card (Tq(P;)) <, P2 (2.14)

The lemma now follows immediately on combining (2.11), (2.13) and (2.14).

Finally, we recall an estimate for the number of integers in an interval with a given square-free kernel.
Given an integer v with canonical prime factorisation Hf;:l p;*, denote by so(v) the square-free kernel
of v, that is Hlepi.

Lemma 2.4. Suppose that L is a positive real number and r is a positive integer with logr < log L.
Then for each € > 0,
card{y < L : so(y) = so(r)} <. L.

Proof. This is Lemma 2.1 of Wooley [23].

3. THE FUNDAMENTAL LEMMA

We aim to establish a fundamental lemma of a form similar to that of [22] (see [23], Lemma 2.2). We
first record some notation and conventions. We use vector notation for brevity; for example (cy, ..., ¢)
will be abbreviated to c. We write [z] for the greatest integer not exceeding z. Also, we use p to denote
a prime number, and write p*||n when p*|n but ps*! { n. We take k1, ..., k; to be fixed positive integers
satisfying (1.2). Throughout, s will denote a positive integer, and € and n will denote sufficiently small
positive numbers. We take P to be a large positive real number depending at most on k, s, € and 7.
The implicit constants in Vinogradov’s well-known notation, < and >, will depend at most on k, s,
and 1. We write f =< g to denote that f < g and g < f. We adopt the following convention concerning
the numbers € and R. Whenever € or R appear in a statement, either implicitly or explicitly, we assert
that for each € > 0, there exists a positive number 7(e, s,k) such that the statement holds whenever
R < P". Note that the “value” of ¢, and of 7, may change from statement to statement, and hence also
the dependency of implicit constants on € and 1. We observe that since our methods will involve only
a finite number of statements (depending at most on k, s and ¢), there is no danger of losing control of
implicit constants through the successive changes implicit in our arguments.

Let r be a positive integer with 1 < r < ¢, and let ¥,;(z;¢c) (1 < i < t) denote polynomials with
integer coefficients in the variables z, ¢y, ..., c,. Suppose further that with respect to z, the polynomials
U, (z; ¢) have non-vanishing leading coefficients, and satisfy the condition

deg (¥;(2;¢)) > deg (¥ir1(z3¢)) (1 <i<r).
Define the Jacobian J,.(z;c) by

v,
Jr(z;¢) = det (G—(zj;c)) .
0z; 1<i,j<r
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Let @ be a real number with R < @ < P, and let C;,C! (1 < i < u) be real numbers with
1 <0l <C; < P. We write

Let Di(c),..., D¢(c) denote polynomials in Z[cy, ..., ¢,| with total degrees bounded in terms of k, and
satisfying the property that D;(c) # 0 for C] < ¢; < C; (1 < i < u). Denote by

Ss.+(P,Q,R) = S(P,Q,R; ¥;C,C';D) (3.1)

the number of solutions of the simultaneous equations

D i (Wilznic) = Ti(wpse)) + Dife) Y (zhi —yki) =0 (1<i<t), (3.2)
n=1 m=1
with
TrmsYm € AQ,R) (1<m<s), Cj<c¢<C; (1<j<u), (3.3)
1 <zp,w, <P and n, €{+1,-1} (1<n<r). (3.4)

Further, denote by _ -
Ss.r(P,Q,R) = 5X(P,Q, R, ¥;C,C'; D)

the number of solutions of the system (3.2) with (3.3), (3.4), and the additional conditions J,.(z;c) # 0
and J,.(w;c) # 0. For a given real number 6 with 1 < P? < QY/27¢, let

T,.(P,Q,R;0) = T (P,Q,R; 0; ¥;C,C'; D) (3.5)

denote the number of solutions of the simultaneous diophantine equations

S

Y i (Wi(zni€) = Wi(wn; ) + Di(e)g" Y (upi —vj) =0 (1<i<t), (3.6)

m=1
with z, w, ¢, n satisfying (3.3), (3.4), and
P’ < q< PR, wpm,vm € AQP % R) (1<m<s), (3.7)
and

(Jr(z;¢),q) = (Jr(w;c),q) = 1. (3.8)

In Lemma 3.1 below, through a substantial elaboration of the argument of the proof of [23], Lemma
2.2, we bound S, in terms of T, and Ss_1 ;.

Lemma 3.1. Let s € N, and suppose that § = 0(r, s, k; W) satisfies 1 < P? < QY27¢. Then there
exists a positive number n = n(e, s,k) such that whenever exp((loglog P)?) < R < P",

Ssr(P,Q, R) <@ QP*S5, 1 ,(P,Q,R) + P~ V**T, (P, Q, R; ).

Proof. In order to facilitate our analysis, we initially classify the solutions of (3.2) counted by S; (P, @, R)
into three types. We let S7 denote the number of solutions of the system (3.2) satisfying (3.3) and (3.4)
for which there is a j with

min {z;,;} < P*, (3.9)

let S5 denote the number of solutions for which z, w is highly singular for ¥, and for which (3.9) holds
for no j, and let S3 denote the number of solutions for which z, w is not highly singular for ¥, and for
which (3.9) holds for no j. Then plainly

Ss.r(P,Q, R) < 3max {51, 52,53} .
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We divide into cases.
(i) Suppose that S; = max {5y, S2, 53}, so that S, (P, Q, R) < 35;. Write

t t

V(o z) = ZaiDi(c):cki and P(a;z,c) = Zai\lfi(z;c).

i=1 =1
Next define the exponential sums f. and F, by

felas LRy = Y e((asz)) and Fe(o; PR)= ) e(®(a;z,c)),

c€A(L,R) 1<z<P

and write
T

Fem(o; P,R) = [[ Felnmos P, R).

n=1

Then by considering the underlying diophantine equations, we obtain

S < Z/
c,n Tt

where the summation is over n satisfying (3.4) and c satisfying (3.3). Write 1 for the vector n =
(1,...,1). Then by Hélder’s inequality,

ﬁcm(a; P, R>2fc<a; PQ’ R)fc(a, Q, R)Zs—l da,

Ser(P,Q,R) < I;(P%) = 1(Q)'~ =,

where

Fea(o; P,R)? fo(a; L, R)**| dav.

Il(L):zc:/Tt

By considering the underlying diophantine equations, we therefore deduce that

S0s(P.Q.R) < (Sur (PP, R))™ (S:,(P.Q.R))" "%,

so that S, (P, Q,R) < Ss.(P, P’ R). Now observe that by counting only those solutions of (3.2) for
which x,, =y (1 <m < s), we obtain

Ss,r(Pa Q7 R) > QS_ESO,T(P7 Qa R)

On the other hand, counting the possible choices for ,, ¥, (1 < m < s) trivially, and considering the
mean value corresponding to (3.2), one obtains

Ss.r(P, P’ R) < P**S,,.(P,P? R) = P*S,,.(P,Q, R).
Thus, since P? < Q/27¢, we obtain
Q* S0, (P,Q, R) < S5+(P,Q, R) < Q°"**5y (P, Q, R),
which provides a contradiction, since P and () are sufficiently large. Thus we may suppose that 57 <

max {So, S3}.

(ii) Suppose that So = max {Ss,S3}. Then the conclusion of the preceding paragraph implies that
Ss.r(P,Q,R) < S3. By Lemma 2.3, the number of z and w satisfying (3.4), for which z, w is highly
singular for ¥, is O(P"~!). Fix any one such choice of z, w, and any choice of ¢ and 1. Then by
considering the mean value corresponding to (3.2), and considering the underlying diophantine equa-
tions, one deduces that the number of choices for x and y, as one ranges across solutions z, w,c,X,y,n
counted by S9, is bounded above by

| felesQuR)Pdoc = 5.(Q. ).
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It follows that _
S, < PTTICS,(Q, R).

However, by counting only those solutions in which z,, = w,, (1 <n <r), we find that
Ss.r(P.Q, R) > P"CS4(Q, R).

Consequently, N N
P"CSs(Q,R) < S,..(P,Q,R) < So < P""1CS4(Q, R),

which again leads to a contradiction, since P is sufficiently large. Thus we may suppose that Sy < Ss.

(iii) We now estimate Ss. In view of the conclusions of the two previous cases, we may suppose that
Ss.r(P,Q,R) < S3. Consider any solution z,w,c,x,y,n with z, w not highly singular for ¥, and for
which (3.9) holds for no j. Define the 2r-tuple ¢ by writing (; = z; and (,4+; = w; for 1 < i < r. By the
definition of highly singular, it follows that there exists a subset G of {1,2,...,2r} with card(G) = r,
and satisfying the property that

det (\D;(Ci;c))lggr’ ieg 7 0

Thus, by a rearrangement of variables, it follows that
Ssr(P,Q,R) < S4, (3.10)

where Sy denotes the number of solutions of (3.2) with (3.3) and (3.4) in which J,(z;c) # 0, and in
which (3.9) holds for no j. Notice that we do not preclude the possibility that J,.(w;c) = 0.
Write _
Fo,(o; P R) = Ze(m@(a; z1,¢) + - + 0. P(e; 2, €)),
where the summation is over z satisfying (3.4), with the additional condition that J,.(z;c) # 0. Also,
write
fie QR L) = Y e(d(a;x)).

z€A(Q,R)
z>L

Then by considering the underlying diophantine equations, it follows from (3.10) that

S.(PQR< Y [

c7/r’7w

T X -~ . * . . pO\2s
Fep(a; P R)Fe w(o; P R) fo (o Q, R; PY)*| da,

where the summation is over n,w € {41, —1}", and c satisfying (3.3). Thus, by the Cauchy-Schwarz
inequalities,

S.r(P,Q,R) < 1,12, (3.11)
where
L= [ |Fegles P R2 (@i QB P da
c,n T*
and
I = Z/ Few(oi P,R)*f2(c; Q, Ry P?)* | da.
Cc,w T¢

Moreover, by considering the underlying diophantine equations, one has

I <S5 (P,Q,R).
On substituting the latter bound into (3.11) we deduce that

Ssr(P,Q,R) < 1. (3.12)
Also, on considering the underlying diophantine equations, we have

L < I, (3.13)
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where I3 denotes the number of solutions of (3.2) with (3.3) and (3.4) in which J,.(z;c) # 0, J,.(w;c) # 0,
and in which (3.9) holds for no j.

We now classify the solutions counted by I3 into two types. For the sake of convenience, we write
xD(L)y to denote that there is some divisor d of z with d < L such that x/d has all of its prime divisors
amongst those of y. Let S5 denote the number of solutions counted by I3 for which

2;D(P%)J,.(z;¢) or y;D(P?)J.(w;c) (3.14)

for at least one j, and let Sg denote the number of solutions counted by I3 for which (3.14) holds for
no j. Then it follows from (3.12) and (3.13) that

SS,T(P7Q,R) < S5+ S6.

We divide into further cases.

(iv) Suppose that S5 = max {Ss5, S}, so that S, (P, Q, R) < S5. Given z and c satisfying (3.3) and
(3.4) with J,(z;c) # 0, denote by S(z;c) the set of positive integers x such that x < @, and z has a

divisor d with d < P? satisfying the condition that z/d has all of its prime divisors amongst those of
Jr(z;c). Let

Hen(e;P,Q,R) =Y Y e(E(a;z,z,¢m)),

z zeS(z;c)

where the summation is over z satisfying (3.4) with J,.(z;c) # 0, and
E(ogz,z,05m) = Zai (Di(e)z®™ +mWy(z1;¢) + - + 1. Vi(2r5€)) -

Then

Heun(es P,Q, R)FZ (e P, B)f2 (06 Q, B P/ d,
so that by Schwarz’s inequality, on considering the underlying diophantine equations,

S5 < (S..-(P,Q,R)* 1/, (3.15)

where

I:vfc,n(a;P, Q’R)2f;(a;Q,R; P9)2s—2 do.

1422/?

Thus, by considering the underlying diophantine equations, we deduce from (3.15) that

Ser(P,Q,R) <Y > Vg hse), (3.16)

g,h ¢

where V (g, h; c) denotes the number of solutions of the system

> 0 (Wilzni€) = Ui(wps©) + Di(e) > (whs — i)

with z, w, x,y,n,d, e satisfying (3.3) and (3.4), and subject to
Jr(z;c) #0, Je(wie)#0, glJi(z;¢), h|J.(w;c),

1<de<P? x<Q/d, y<QJe, so(x)=g, so(y)=nh.

Let
GC,"’I,Q(a; P7 R) = Z e(E(a; 0, z,C; ’I’])),

VA
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where the summation is over z satisfying (3.4), and subject to J.(z;c) # 0 and g|J,.(z;c). Write

Gem(a) = Zacm,g(a;ﬂ R) Z Z e (Z aiDi(c)(dm)ki>. (3.17)

9<Q d<P® x<Q/d i=1
so(z)=g

Here, if g is not squarefree, we understand the third summation in (3.17) to be empty. Then by (3.16),
on considering the underlying diophantine equations,

Ss+(P,Q,R) <<Z/ |Gem(@)?fe(a; Q, R)** 72| dax. (3.18)
c,m T
But by Cauchy’s inequality,
(Gen(@)]* < Hiem(@)Hae(a), (3.19)
where ,
Hien(@) =) |Gemglas P.R), (3.20)
9=@Q
and

Haclar) = Z Z Z e (ZaiDi(c)(dx)ki>

9<Q |d<P® z<Q/d \i=1
so(x)=g

Moreover, by interchanging the order of summation, and applying Cauchy’s inequality in combination
with Lemma 2.4 (as in the argument of the proof of [23], Lemma 2.2 part (iii)), we obtain

2

Hch(a) = Z Z Z e <Z CYZDZ(C)(dI)kz>

9<Q | z<Q g<p?
s0(®)=9d<Q/z

<Py > PQ/x
9=Q m(S)Q
so(x)=g

< QpPote. (3.21)
On combining (3.18)-(3.21), we deduce that
S.r(P.Q.R) < QP [ 373" Gyl PR fole Q. RY*|dax
T em g<Q

But by considering the underlying diophantine equation, and using standard estimates for the divisor
function, we find that the integral on the right hand side of the last inequality is

< ngs—l,r(PvaR)'

The desired conclusion now follows in the fourth case.

(v) Suppose that Sg > max{Ss, S}, so that S, ,.(P,Q,R) < Ss. For a given solution of (3.2)
satisfying (3.3) and (3.4) counted by Sg, we have for every j,

z; > P’ and y; > P (3.22)

Jr(z;¢) #0, J.(w;c) #0, (3.23)

and neither
2;D(P?)J.(z;c) nor y;D(P%)J.(w;c). (3.24)
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Consider a fixed index j. Let ¢ be the greatest divisor of z; with the property that (g, J,(z;c)) = 1.
If ¢ < PY, then 2;D(P?)J.(z;c), contradicting (3.24). Hence ¢ > P? and since each prime divisor of
z; is at most R, there exists a divisor ¢; of x; with P’ < ¢; < PR, and satisfying (q;, J,-(z;c)) = 1.
We may do likewise with the y;. We therefore deduce that S¢ < Vi, where V; denotes the number of

solutions of the system of equations
S

D 0 (Wilzn;€) = Ui(wy;€)) + Dile) Y ((gyuy)* = (pju)¥) =0 (1<i<),

j=1
with z, w, ¢, n satisfying (3.3) and (3.4), and for j = 1,...,s with
P% < q;,p; <P°R, wu; € A(Q/q;,R), v; € A(Q/p;,R) (3.25)
and
(g5, Jr(z5¢)) = (pj, Jr(w;c)) = 1.
Let

FCJIvQ(a;P? R) = Ze (E(avoazacan)) )

z

where the summation is over z satisfying (3.4) subject to (g, J.(z;c)) = 1, and let
Fejla) = fc(q;?a; Q/4j, R)fC(_p§a§ Q/pj, R),

where q?a denotes (q;.cloq, e ,q;.“tozt), and similarly for pfa. Then by considering the underlying
diophantine equations,
S
i<y / > Fenglo; P,R)Fep5(—c; P, R) [ [ Fej(@)da, (3.26)
cen ’T ap Jj=1
where the summation is over q,p satisfying (3.25) and we have written ¢ = ¢ ...q¢s, and likewise
P=Dp1-..ps
Let

and let Y, j(a) denote the analogous function appropriate to the p;. Then it follows from (3.26) that

Se< Y3 /1r I (Xem.i(00)Yen i(00)? dev. (3.27)

aQ.p c,n Jj=1
By Holder’s inequality,

3 / TT (Xens () Yo (@) dex
e VT j=1

< ]1;[1 <Cz; /]I‘t Xcm’j(a)da> (; /Tt Yc,mj(a)da)

: :/ XC,”’IJ(a)da S (P7 Q? R7 Qj)7
’H‘t
By

1
2s
Now observe that

where W (P, Q, R, q) denotes the number of solutions of the system (3.6) with z, w,c,n, u, v satisfying
(3.3), (3.4), (3.7) and (3.8). Therefore by Holder’s inequality,

Z Z/ H (Xcm,j(()‘)Yc,n,j(a))i do
Tt ;o

aQ,p ¢n
< T W(P.Q.Roa)W(P.Q. R.p;)*

1
1 35
1—2 2s

<<<Zl) s ZH(W(P,Q,R,qj)W(P,Q,R,pj))

2s 1
<II (PR 1,(P.Q R:6))™ (3.28)

j=1
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where T (P, @, R; ) is defined in the preamble to this lemma. On combining (3.27) and (3.28), we
complete the proof of the lemma.

Our next step will be to convert the congruence conditions implicit in the system of equations
(3.6) into a congruence condition which is more readily exploited. For a given real number 6 with
1< P? < QY% let

T.ri(P,Q, R;60) = T, (P.Q, R 0; ¥; C,C'; D)

s,r,k

denote the number of solutions of the system of equations (3.6) with (3.3), (3.4) and (3.7), satisfying
the additional condition
Zn =w, (mod¢®) (1<n<r).

In Lemma 3.2 below we show that Lemma 2.2 can be employed to relate T, to Tsmk in a simple
manner.

Lemma 3.2. Let § = 0(r,s,k; ¥) satisfy 1 < P? < Q%72 and suppose that k is a positive integer.
Then
Tor(P,Q, R;0) < PUSKrIIHT, 4 (PQ, R; 6).

Proof. For a given ¢ satisfying (3.7), let B(u;c,n) denote the set of solutions, z, distinct modulo ¢* of
the system of congruences
Yi(zic,m) =u; (mod ¢*) (1<i<t),

with (J.(z;c),q) = 1, where
(z;¢c,m) Znn (zn;cC

Then by Lemma 2.2,
card (B(u; ¢, n)) < ¢“kkrm+e (3.29)

where w(k; k, 7, r) is defined by (2.2). Moreover for each solution z, w, ¢, 1, ¢, u, v counted by T (P, Q, R; 0),
it follows from (3.6) that

Ti(zicm) = Ti(wic,n) (mod ¢™) (1<i<t).

Thus each solution of (3.6) may be classified according to the common residue class modulo ¢* of
Ti(z;c,n) and T;(w;c,m) for 1 <i <t

Let .
H(a;z;¢c,m) = Z e Z e (Z a; T4i(x;c, 77)) .
1<z, <P 1<z, <P i=1
r1=2z1 (mod qk) zr=z, (mod qk)

Then we have

T, (P,Q, R; 6) <<ZZ H(aze,m)

foala; QP~° R)] * dex, (3.30)

where the summation is over c,n satisfying (3.3), (3.4), and ¢ satisfying (3.7), and we have written

2

H(a;e,n) Z Z > H(a;zic,m)|

uy1=1 ut=1 |z€B(u;c,n)

Jealos LR) = 3 ¢ (Z az-DZ-<c><qx>'“) .

2€A(L,R) \i=1
But by Cauchy’s inequality,

k
q 1

H(oc,m) Z Z card (B(u;c,n)) Z |H(c; z;¢,m)]>.

uy=1 ur=1 zcB(u;c,n)
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Then by (3.29) and (3.30),
T.0(P,Q, R;0) < (PP R)~®krn+e NN "7 (q,c,m),

q <N

where

H(a;z;c,n)Qﬁ,q(a;QP_G,R)QS do.

T(q,c,n)zimi/w

z1=1 zr=1

The lemma now follows on considering the underlying diophantine equations.

4. EFFICIENT DIFFERENCING

We now develop the efficient differencing process which is fundamental to the new mean value esti-
mates of this paper. We begin by introducing some notation. For each integer k, define the efficient
differencing operator A, by

Le(f(@);him) = f(z +hm") — f(z),

and define A7 i successively by

LK K S(@) R, By ma o my)

.....

=AY k., <A;,K1 &, (f(@)ih1, .. hjyma, . 7mj)§hj+1§mj+1) -
Also, adopt the convention that
AG i (f(2);hsm) = f(x).
When 0 < j < kq, let Kq,..., K; be fixed exponents associated with the efficient differencing process,

and let
U, = \IJE’IJQ(Z, hi,...,hj;my, ..., m;)

be defined by

\Iji,j = A;K(Zkl, hl, ey h,J, my, ... ,m]’).
We consider the effect of substituting ¥; ;(z;h;m) for ¥;(z,c) in Lemmata 3.1 and 3.2. We require
some further notation in order to discuss the consequences of this substitution. When k1, ..., k; satisfy

(1.2), define 7 by
ry=card{i € [1,t] : k; > J}.

We note that ¥; ; has positive degree whenever 1 < i < 7;, and moreover from (1.2) it follows easily
that for each J one has 7y >t — J. Suppose that K; (1 < j < k;) are positive integers with

k1
1
DK<,
j=1

and that r; (0 < j < k) are positive integers with r; <7;. Take ¢; = ¢;(r,s,k, K) (1 < j < ky) to be
real numbers with 0 < ¢; <1 /K ; to be determined later. Write

M;=P%, H;=PM;" and Q;=P(M...M;)"' (1<j<h) (4.1)
and further, for the sake of convenience, write
J J
M;=][M; and H;=]]H:. (4.2)
i=1 i=1
Substitute the conditions
M; <m; <M;R and 1<h;<H; (1<i<jy), (4.3)

for the conditions €} < ¢; < C; (1 <j <w) in (3.3), and put
J
Di(m) = [[m;" (1<i<t). (4.4)
=1

Write S, (P, Q, R; ¥ ;) for Sg{r)(P, Q,R;¥;C,C’;D), and do likewise for gs’r. Also, put § = ¢;41, and
adopt similar conventions to those above for T, and T , ;. Finally, write J.(z;h;m) for J,(z;c).
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Lemma 4.1. There exists a positive number n = n(e, s, k) such that whenever exp ((log log P)2> <
RSP and 0 < j < ky, one has

s—14w(k;K;jv1,75,75)
Sers(P.Qj, Ry W) < PEMs TotsRonnmmd e (P,Qj, Ri by B5).

Proof. Write, for the sake of convenience,
¢=¢jr1, k=Kj, r=r; and w=wk K;i,7;,7)).
Then the condition r» < 7 enables us to apply Lemmata 3.1 and 3.2 to deduce that
S (P, Qj, Ry W) < P°Q; M1 S5, (P.Qs, R: )
+ PEMZETT, (P, Qj, R 65 0). (4.5)

We show inductively that for s =1,2,..., one has
QjM;j41S-1,,(P,Qj, Ry ;) < PEMZT T, (P, Qy, R; ;). (4.6)

This will complete the proof of the lemma. N
We start by observing that for s = 1, the quantity Ss_1,(P,Q;, R; ¥;) is bounded above by the
number of solutions of the system

> i (W j(znihym) — U, j(wpshim)) =0 (1< <7), (4.7)
n=1

with J,.(z;h;m) # 0, J.(w;h;m) # 0, and
1<zp,w, <P, n,e{+1,-1} (1<n<r),

There are O(P”’Eﬁ J]\AI/J) permissible choices for w, h and m. Fix any one such choice, and consider
the system of equations (4.7) in z. Since J,.(z; h;m) # 0, it follows from the Inverse Function Theorem
that there are Oy(1) solutions z of (4.7). Consequently, when s = 1 one has

§8—1,T(P7 Qja R; ‘I’j) < PT+E?IJ']/\ZJ'.
But when R > exp ((log log Q)2> a standard estimate yields

card(A(Q, R)) > Q' *. (4.8)
Thus, on considering the diagonal solutions of the system (3.6) with s = 1, one finds that
Ty (P, Qj, R; 65 ®;) > PTH;M;M;j1Q)5,

whence (4.6) follows in the case s = 1.
Now suppose that s > 1, and that the inductive hypothesis holds for S < s. On considering the
underlying diophantine equations, for each s we obtain

Sor(P,Qys Ry W) < S, (P, Qs, R; ¥y).
Then by combining the inductive hypothesis with (4.5) one deduces that

Ss—l,T(P7 Qj? Ra \Ilj) < Pstj_IS‘FwTS—l,T,k(P’ Q]7 R7 (ZS: ‘II]) (49)

But by considering solutions of (3.6) in which us = vs, it follows from (4.8) that
Tork(P.Qj R 6:%5) 3 (Qj/Mj1)'*Tacr (P, Qj R 6 ), (4.10)

and so (4.6) follows from (4.9) and (4.10). Thus (4.6) holds for each positive integer s, and the proof
of the lemma is complete.

Lemma 4.1 permits us to relate S ,(P,Q;, R; ¥;) to Tvs,r,k(P, Qj,R; ¢; ¥;). We now consider the

simplest method of relating Tsmk(P, Qj, R; ¢; ¥;) to expressions of the form S (P, Qj4+1, R; ¥ 11).
We thereby obtain estimates for S (P, P, R; (), and hence for Ss4, (P, R).
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Lemma 4.2. Let j be an integer with 0 < 5 < ky. Write
?“:Tj, w:er, k:Kj+1,

and

Ts,r,k — Ts,rj,Kj_H (Pa Qj; R7 ¢j—|—1; \Il]>
Suppose that r and w satisfy 1 < r < 2w. Then
T <P H;Mj4159,(Qj41, R)

—|—P":1LI;7J:11 <Hj+1Mj+1Ss(Qj+1>R))

2w

(Ss,w <P7 Qj-i—h R7 ‘Ilj-ﬁ-l))ﬁ :

Proof. We consider the system (3.6) with 6 = ¢;1, and recall the definition of fsmk. Write

Ea,d(a;h;m) - Z e(al\lj17j(z;h;m)+"‘+Oét\I/t7j(Z;h;m))7
1<z<P

z=a (mod d)

and
d
Ka(a;h,m) = Z |La.a(a; h;m)|>.
a=1

Write also

gq(a;m) = Z e (Z OziDi(m)(qx)k’) :

z€A(Qj+1,R) i=1

Then on considering the underlying diophantine equations, we find that

Tork < Y > / Kgr(;h,m)" |gy(c; m)[** de < Ty i, (4.11)
’H‘t

hm Mj+1 <q§Mj+1R

where the summation is over h and m satisfying (4.3).

Let Uy denote the number of solutions of the system (3.6) counted by T. s,rk in which 2, = w,, for
at least one n with 1 < n < r, and let U; denote the corresponding number of solutions with z, # w,
(1 <n <r). Then

Ts,r,k - UO + Ul-

We divide into cases.

(i) Suppose that Uy > Uy, so that T/Smk <& Uy. Then by considering the underlying diophantine
equations,

Uy < PZ Z / K (a;h,m)" g, (e m)|** da.
Tt

hom Mj+1<q§Mj+1R

An application of Holder’s inequality gives

1-1/r
Torp < P Z Z / Ky (o, m)" [gg(ex; m)|** do
hom M; 1 <q<M; 1R T*
1/r

S DSTED SR A S I

t
h,m M, <q<M; 1 R’T

whence by (4.11),
~ 1 ~ 1-1/r , o — 1/r
Ts,r,k <P te (Ts,r,kz) (Hij—i—lSs(Qj—i—l;R))
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Then _ o
Ts,r,k < Pr+6Hij+lss(Qj+laR)7

which completes the proof of the lemma in the first case.

(ii) Suppose that U; > Up, so that Tsmk < U;. We start by noting that for each solution of (3.6)
counted by U; we have

Zn = w, (mod qk) and z, #w, (1<n<r).
Then for each n with 1 <n < r, there exists an integer g, with 1 < |g,| < H;41 such that
W = 2n + gng". (4.12)
On substituting (4.12) into (3.6), we deduce that
U< ), Usn),
ne{+1,-1}"

where Us(n) denotes the number of solutions of the system

S

> om¥ i (zsh,gim, q) + Di(m)g™ D (uli —vfi) =0 (1<i<t),
=1 m=1

with z,u, v, h, m satisfying (3.4), (3.7), (4.3),
1< g SHj+1 (1§l§7‘) and Mj_|_1 <q§Mj+1R.

Write

Glasg,q) = Y e(aa¥yj41(zh,g5m,q) + -+ + ¥y i1 (2 h, g;m, q)).
1<2<P

Then on considering the underlying diophantine equations, we deduce that

T

<y X [ Y Glaiga)] lslem)* da. (4.13)

t
h,m M1 <q<M; 1 R” T |1<g<H;

Repeated application of Holder’s inequality to (4.13) reveals that

Uz(n) < HIZ 1V 200, 12, (4.14)
where
n=> > > / |G (e 9,0)*" gq(; m)**| dex,
h,m 1<g<Hj 41 Mjz1<q¢<M; R7T
and

B=% 3 > [ laam) da

t
hm1<g<H;11 M;j+1<q<M; 1R T

But on considering the underlying diophantine equations, one has
Vi < Ss0(P,Qjs1, Ry Wji41),

and SO
Vo K PPHj 1 M;1155(Q 41, R),

and thus the proof of the lemma is completed on recalling (4.14).

To conclude this section, we note that it is plainly possible to apply Holder’s inequality a lit-
tle differently in the final stages of the proof of Lemma 4.2, so that Us(n) is bounded in terms of
Ssyw(P,Qj+1,R; ¥iy1) and Sy, (Qj+1, R) for suitable s; # sp. Thereby one can employ iterative
schemes analogous to those used in [20] in order to improve on the bounds we ultimately obtain. Since,
however, these improvements are likely to be significant only for smaller k, we will not pursue this idea
further.
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5. MEAN VALUE ESTIMATES BASED ON SINGLE DIFFERENCING

We are now in a position to exploit the machinery developed in the previous two sections. This
section will be devoted to proving Theorem 1. We first record some notation. Let k£ be an integer with
1 <k <k, and let § be a parameter with 0 < § < 1/k to be chosen later. Write

M=P H=PM* and Q=PM '
Recall (1.3), and write f(a; P, R) for fx(a; P, R). Define also

Fla) = Z e(ozlzl€1 4 a2, (5.1)
1<z<P

G(a;q) = Z Z e (Zai\lli,l(ZQh;Q)>a

1<h<H 1<z<P i=1
and
t
go(;QR) = Y e <Z ai<xq>ki> :
z€A(Q,R) =1

Finally, define the mean values

Mo (PR = 30 [ [Glasa) ayfesQ R da.

M<q<MR

and
Ssr(P,R) = | |F(a)* f(a; P,R)**| dov.
'H‘t
It is convenient to incorporate in the following lemma the key features of the general efficient differ-
encing process described in §§3 and 4.

Lemma 5.1. Suppose that 1 <r <t, 1<k <k and0<60 <1/ky. Then

Ss,r(P; R) < P5M2s—1+w(k;k,r,r) (PTMSS(Q,R) +Ms,r(P, R))

Proof. On taking ¥;(z;¢c) = z¥ (1 < i < t), and considering the underlying diophantine equations, it
follows from the definition of Sélf) that S (P, R) = Sélf) (P, P,R; ¥). Then by Lemma 4.1 with j =0,

S, (P, R) < PeMPs1Helsknn) (P P, R;6;®y). (5.2)

Moreover, recalling our change in notation in this section, it follows from the argument of the proof of
Lemma 4.2 (see equation (4.11) together with part (i) and the argument of part (ii) leading to (4.13))
that

Ts k(PP R;0; ®o) < PP MS,(Q,R) + M (P, R). (5.3)
The lemma follows on combining (5.2) and (5.3).

The next lemma shows how a permissible exponent A1k can be obtained from a permissible expo-
nent A\, k. Before stating this lemma, we equip ourselves with a further definition. We shall say that
the exponent Ay y is admissible whenever it has the property that

S.(P, R) <« PAsixte

with A\g x = 25 — 2;1 ki + Asx. Thus Ag x is admissible whenever A k is permissible.
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Theorem 5.2. Suppose that A x is an admissible exponent. Then the exponent Agyt x s admissible,
where Agipx = As k(1 —1/ky).

Proof. We apply Lemma 5.1 with k = k;, 8 = 1/k; and r = ¢, noting that S, (P, P, R; ¥o) = S,+(P, R).
Since with the given parameters we have H = 1, we obtain by a trivial estimate

M(PR) <P 3 [ g, (e QuR) da < PUEMS.(Q. ).
M<q<MR’T

We therefore deduce from Lemma 5.1 that
Se+(P, P, R; W) < Ptrep2stelkitg (9 R). (5.4)

We suppose that Ay is admissible, and write Ay = 2s — 25:1 k; + As. Then on recalling (2.2) and
considering the underlying diophantine equations,

SS+t(P7 R) << Ss,t(P, P, R7 \IIO) << P)‘S+t+€’

where

t
)\5+t:t+ (284—75]61—2]{71) 9+)\5<1—¢9)

=1

t
=2s+2t— > ki+A(1-1/ky).

=1

It follows that the exponent Agi; is admissible, where As; = Ag(1 — 1/k1), and this completes the
proof of the lemma.

The proof of Theorem 1. By considering the underlying diophantine equations, it follows from Theorem

1 of [25] that Sy (P, R) < P+, Then for each r with 1 < r < ¢+ 1, the exponent A, = S/_, k; —7

is admissible. Consequently an inductive argument reveals that the exponent

Apyr = (i ki — 7“) (1- 1/k1)l

is admissible for each [ € N. Theorem 1 follows immediately.

We remark that the methods of this section suffice to establish quasi-diagonal behaviour in the mean
value Sgk)(P, R) (see §8 of [27] for a sketch of the necessary argument).

6. ESTIMATES ARISING FROM REPEATED EFFICIENT DIFFERENCING

Mean value estimates based on repeated efficient differencing are usually sharper, though more
complicated to state, than those arising from a single efficient differencing process. In Theorem 6.1 we
describe the permissible exponents which can be obtained by applying Lemmata 4.1 and 4.2 successively
in a relatively simple manner. Our strategy is to use Lemma 4.1 to bound S, ., (P, Q;, R; ¥;) in terms

of Ts,,,j,KHl (P,Qj, R; $j+1; ¥,), and then to use Lemma 4.2 to bound the latter in terms of S5(Q;+1, R)
and S, ., (P, Qj41, R; ¥j11). We can repeat this process non-trivially as many as ki times, optimising
the parameters ¢;, r; and K; when we terminate the process.

Theorem 6.1. Let ky,...,k; be integers satisfying (1.2). Suppose that u is a positive integer, and that
Ak @5 a permissible exponent satisfying

t
2u— Y ki < Ay < 2u. (6.1)
=1

Write .
Ay = Mg — 2u+ Z k;. (6.2)
=1
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For s =u+1t (I € N), define the real numbers Ag, 05 and ¢(j, s, J) recursively as follows. For 1 > 1
and j =1,... k1, put ¢(j,s,7) = 1/k1, and evaluate ¢(j,s,J — 1) successively for J = j,...,2 by

1 I Q1 — Ay

(4,8, J —1) = % + <§ + m) ¢(4,8,J), (6.3)

where (recalling the definition of Ty from §4)

Q5= Z ki, (6.4)

I>77
and
o(j,s,J —1) =min{l/ky, 0" (4, s,J — 1)}. (6.5)
Finally, set
0, = 1;1]1‘1;21 #(4,8,1), (6.6)
Ag=As_ (1 —05) +t(k10s — 1), (6.7)
and
t
Ae=2s— ) kit A, (6.8)
i=1

Then A\s is a permissible exponent for s = u+ It (I € N).

The conclusion of Theorem 6.1 shows that for the exponents \s defined by (6.8), given £ > 0, there
is a positive number n = n(g, s, k) such that whenever R < P one has

| fila; P, R)|** dax < P,
’]I‘t

We note that the argument which leads to Theorem 6.1 in fact yields a stronger conclusion. Under the
same hypotheses, when s > t one has

|F () ficlee: P, R)* 2| dax < P+,
’]l‘t

where F'(a) is defined by (5.1).

Proof of Theorem 6.1. Before starting the proof of the theorem, we make some comments concerning
the variables in its statement. Notice first that for each j, s and J, we have ¢(j, s, J) < 1/k;. Therefore
0s < 1/k1, and hence a trivial induction shows that

t
Ay <max{0,A, 4} <> ki <Trki+ Y ki (1< J < k).
i=1

l>FJ

Then (6.3) yields positive values for the ¢*, and hence also for the ¢, and thus 65 > 0.

We prove the theorem by induction, starting with the assumption that the exponents A\, defined
by (6.8) are permissible when 0 < m < [. We write s = u+ [t, and aim to prove that the exponent Ag;
defined by (6.8) is permissible. Let j be the least integer with 1 < j < ky such that 054+ = ¢(j,s+1¢,1).
For J =1,...,j define ¢; = ¢(j, s+t,J) as in the statement of the theorem. Then if ¢ ; = 1/k; for some
J < j, we have ¢(j,s+t,J) = ¢(J,s+t,J), and one finds successively that ¢(j,s+t,r) = ¢(J,s+1t,r)
for r = J,J —1,...,1, contradicting the minimality of j. Thus ¢; < 1/k; for J < j. We adopt the
notation of writing

]\4@,:]3@51‘7 I—_]Z.:P]\[L._kl7 QZ:P(MlMZ)_l (IS'LSJ),

and adopt the convention that Qg = P.
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We first prove inductively that for J =35 — 1,57 —2,...,0, one has
Toiy i (P,Qu, Ry dy11; ¥ ) < P?"JFE?IJ]\N/[JHQ?JFM (6.9)

where for convenience we write A = 2s — Zszl ki + As.
On applying Lemma 4.2 with j replaced by j — 1, and r; =7, (J =j — 1,j), we obtain

T 1 (P Qj—1, R 053 W5 1) < PE(Uy + Uz),
where S
U, = PTj_lijleSs(QjaR%
71 (7 7F -
Uz = H)' 7 (HMGS0(Q5,R)) (S (P Qs B 95))

and we have written v = 7;_1/(27;). Then on noting the trivial estimate

S5, (P,Q;, Ry ;) < PPt H;M;S,(Qy, R),
and observing that since ¢(j,s +¢,j) = 1/k; one has H; = 1, we deduce that (6.9) holds in the case
J=j—-1

We now suppose that (6.9) holds for J and deduce the corresponding inequality for J — 1, noting

that since we have just established (6.9) when J = j — 1, we may suppose that 1 < J < j—1. It follows
from Lemma 4.1 together with the hypothesis that (6.9) holds for J that

Ss,?J (P, QJ, R; ‘I’J) < PsMij_—liw(k;h,FJ,FJ)PFJ}VIJMJQ§+1‘ (6.10)
Also by Lemma 4.2 with j replaced by J — 1, and r; =7, (I = J — 1, J), we obtain
Toiy i (PyQuo1, Ry % 1) < PE(Vi + V), (6.11)
where L .
Vl = PTJleJ_lMJSS(QJ, R), (612)

Vo= Hy 7 (HM5S0Q0 B) (Sur, (PQr R W) (6.13)
and we have written v/ = r;_1/(27;). We have assumed that ¢; < 1/k; for J < j, and hence that
¢y = ¢*(j,s +t,J). Then since A\ = 2s — 22:1 ki + Ag, we deduce from (6.3) that

(25 + w(k; k1,77,77))s41 — Abyy1 = (Trk1 + Qs — Ag)o(d, s +t,J + 1)
= %k — T (6.14)
Then it follows from (6.10), (6.13) and (6.14) that
Vo < Pt MGQ.
Consequently, by (6.11) and (6.12),
TS,FJ_l,k:l (P,Qr-1,R;05,¥ ;1) < PFJ_1+EI§J—1J\7JQ?}7

whence (6.9) follows with J — 1 replacing J, and our second assertion holds for J =0,...,5 — 1.
On noting that ro = t, we next observe that

Tty (P, Qo, R; 615 ®o) < PHEMIQY,

so that by Lemma 4.1,
Ssyt<P7 Q07 R; ‘1’0) < Pt+EM128+W(k§k1,t,t)Qi\.

Then /

S.it(P,R) < S,+(P,P,R; ®) < PN ¢,
where

)\/ = )\(]_ - 98—|—t) +1t+ (28 + Cd(k, k’l, t, t))gs—Ft
t
= 2(8 —|— t) — ZkZ —|— As—i—t,
i=1

and

As+t - As(]- - 95_|_t) + t<k193+t - ].)
Thus our inductive hypothesis follows with s + ¢ in place of s, and this completes the proof of the
theorem.

We exploit Theorem 6.1 to obtain Theorems 2 and 3 through the use of the following lemma.
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Lemma 6.2. Let ky,...,k: be integers satisfying (1.2) with ky sufficiently large. Suppose that s > t,
and that Ag_;x is an admissible exponent satisfying As—ix > (logk1)?. Write 65—y = Ag_yx/(tk1),
and define 05 to be the unique positive solution of the equation

2 2
0s +logds = 05—t +10g0s—t — — + ———= -
s LB et T T Ky (log k)P

Then the exponent Agyx = tk10s is admissible.

Proof. Our argument is modelled on the proof of Theorem 2.1 of [26], as modified in [3]. We adopt the
same notation as in the statement of the proof of Theorem 6.1, and write k = k1. We start with some
simplifying comments. First note that since 0 < 05 < 1/k for each s, then whenever 0 < Ag_; < tk the
equation (6.7) implies that

As = Asft(l - 1/k) + (tk - Asft)(es - 1/k:> < Asft(l - 1/k)

Then for each fixed r it follows that A4, is a decreasing function of [ for [ > 1. We may consequently
suppose that 0 < A, < tk for every admissible exponent A, whence 0 < §; < 1. Moreover, on noting
that ¢ 4+ logd is an increasing function of 4 when 6 > 0, in order to establish the lemma it suffices to
prove that the exponent A, = ktd, is admissible, where 5 is any positive number satisfying

2 2
58 + log 58 S 58—t + log 58—t - -+

E T Rl (6.15)

Suppose that s is an integer with s > ¢, and that Ag_; is an admissible exponent satisfying A;_; >
(log k). We apply Theorem 6.1 with j = [(logk)'/4] 4 1, noting that when 1 < .J < j, one has

Q= k=Y k< > I=5JJ+1) < (logk)'/?.

I>7; ki <J 1<I1<J
Then on writing ¢ for ¢*(j, s, J), and noting that r; <t for each J, we deduce from (6.3) that
ds-1 < (2k)~" + (1 -8y, (6.16)

where

0" = (As—y — (log k)"/?)/ (kt). (6.17)

Thus, starting with ¢; = 1/k and following the obvious downwards induction using (6.16), we obtain

N\ J—J
¢JSEH§33(1+y(1;5) ) (1<J<j).

Since A,_; > (logk)?, we deduce from (6.17) that

5> 6 (1 ~ (log k)‘3/2> ,

and therefore .
L+ 21775 14 20,_4(logk)=3/2

NS ALY T R(I40s)
Write 6 = ¢1. Then Theorem 6.1 implies that the exponent Ay is admissible, where by (6.7),

(6.18)

Ay = Ay_o(1— ) + (k6 — 1),
On writing 6, for A, /(tk), it follows from (6.18) that

55 - 55_15 - ]_/k + (1 - 5S_t)0

(1—d5-¢)
k(1 + 0s—¢)

2 —w
e (1-—=—¥ ).
t( k(1+55_t))

<oy —1/k+ (1 +26,_4(log k:)_3/2)
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where w = 2(1 — §,_;)(log k) ~3/2. Consequently

2—w 2—-w
0s +logds < g4 (1 — ——— log sy +1 1— —
T80 s t( k(1+5st)) 080 Og( k(1+5st)>
2—w 2—-w
<bs¢+loghs 4 —— 05 4 — ———
S 05—t +10g 05— K105 y) t K146, 1)

= 55—75 + 10g 55—15 - (2 - UJ)/]{?,

whence the desired conclusion (6.15) follows immediately.
Theorems 2 and 3 may now be established by applying Lemma 6.2 inductively.

The proof of Theorem 2. Again we suppose that k; is sufficiently large, and write K = k1. When s € N,
define d5 to be the unique positive solution of the equation

2 2
5s+log5S:1——s i

_ N
i th(log k)32 (6.19)

We claim that the exponent A = tkd, is admissible whenever 1 < s <t + 1 or d,_; > (logk)?/(tk).
Observe first that when r is an integer with 1 < r <t + 1, then by applying Holder’s inequality in

combination with Theorem 1 of [25], it follows that the exponent A, = 22:1 ki) — r is admissible.
Thus on writing ~, = A,./(kt), we deduce from (6.19) that

Y + logy, <1 —r/(tk) +log(l —r/(tk)) <1 —2r/(tk) < 6, + log d.,

whence our claim follows in the case s = 7.
Next we observe that whenever 1 < s < s, with sy = 2tk (log(tk) — 2loglog k), then by (6.19) one
has 0 < 45 < 1 and

280 280
5o +logdy >1— 20 2%
+log th " th(log k)P

1 —log(tk) + 2loglog k,

whence 6; > (logk)?/(tk). It therefore follows from Lemma 6.2 that whenever 1 < s < so and the
exponent A, ; = tkds_; is admissible, then so is the exponent A, = tk~s, where 4 is the unique
positive solution of the equation

Flogs = Gu_y +logbyy — 24—
Vs 087%s = O0s—¢ 08 0s—t k k.(logk)?)/Q'

But by applying (6.19), one obtains

2s 2s

% 5 4logd,,
th T tk(og k)32 O T8

Vs +logys =1 —

so that v = ds. Our assertion therefore follows by induction, using the conclusion of the previous
paragraph as the basis of the induction.

The conclusion of Theorem 2 follows immediately from the above assertion when 1 < s < s9. We
next consider an integer s with s > sy, and denote by U the largest integer with U < sy such that
U=s (modt). Then U > sy —t, and it follows from the assertion established above that the exponent
Ay is admissible, where

Ay = tke? 2U/0R) < &3(log k)2,

Thus it follows from Theorem 5.2 that the exponent Ag is admissible, where
Ay =Ap(l— 1/1{:)(8_U)/t < e*(logk)*(1 — 1/k)(3_80)/t,

This completes the proof of Theorem 2.
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The proof of Theorem 3. We start by making an elementary observation concerning admissible expo-
nents for associated systems. When 1 < r <t write k, for the r-tuple (k1,...,k,), and denote by S, ,
the number of solutions of the system

STl —y)=0 Q<j<n), (6.20)

i=1

with z;,y; € A(P,R) (1 < i < wu). In view of the trivial inequality Sy ,+1 < Sy, whenever A, . is
a permissible exponent, one has S, ,4+1 < PAurrte whence the exponent Au,r,yq1 18 permissible with
Auskris = Au,k,.- It follows that whenever the exponent A, ., is admissible, then so is A, ., ,, where

Avkyir = Dur, + eyt (6.21)

Suppose that ki, ...,k satisfy (1.2) and that k; is sufficiently large. We adopt the convention that
ko = (k1), and put vg = 0. Also, when 1 < j <t —1 we put

v = [%k‘l log (€3kj/kj+1) + 1} y (6.22)

and write .
J
Uj =Y v (6.23)
i=0
We claim that when 0 < j <t — 1, the exponent Ay, ., is admissible, where

AUJ- Kk; — Inax {k]qu, (log k1)2} . (624)

We prove this assertion by induction, noting that it is trivial when j = 0.

Suppose that 1 < J < t — 1, and that our assertion holds for j = J — 1. Then the exponent
AU, 1 ks, = max{k 7, (log k:1)2} is admissible, whence by our opening observation, the exponent
Au, ,r, = 2max{ky, (logki)?} is also admissible. On applying Lemma 6.2 and recalling (6.23), we
deduce that the exponent Ay, ., = Jk1dy, is admissible, where

2max { ks, (log ky)? 2max { ks, (log k1 )?
ou, +10gou, = { jk:(l o k)g( { jk:(l - }) e
and 5
vJ —3/2
Ey=—(1—(logk .
J ey ( (log k1) >

Moreover, by (6.22) one has £; > log(2¢?/7k;/ks.1), whence
log 0y, < log (max {kji1,(logk1)*} /(Jk1)) .

Thus the exponent Ay, ., = max {k J+1, (log k1)2} is admissible, and our assertion follows for j = J,
completing the induction.
Adopt the convention that k;11 = (log k1)?, and write

t
vy — [%kl log (e3kt) + 1] and U = sz
i=0

We observe that the argument of the previous paragraph leads to the conclusion that the exponent
Ay, = (logk;)? is admissible. Furthermore Theorem 5.2 implies that whenever s; > U, and s is
an integer exceeding s; with s = s; (mod t), then the exponent A,y = (logk;)?(1 — 1/k;y)75)/¢ is
admissible. The proof of Theorem 3 is therefore completed by noting that

1

~+
|

U< (3ik1log(€’k;/kjq1) +7) + 5tk log(e’ky) +t

iing

1log(ky ... k) + 3t(t + 1)ky + 3t(t + 1),
1 (log(ky ... k) + 3t%) .

VANIVAN
NI N
I~



28 TREVOR D. WOOLEY
PART II: SEVERAL APPLICATIONS

7. ESTIMATES FOR SMOOTH WEYL SUMS

The estimates for smooth Weyl sums provided by Theorems 4 and 5 are fairly immediate consequences
of Lemma 7.3, which we prove using an argument closely related to that used to establish [28], Lemma
4.1 (itself similar to the proof of Vaughan [19], Theorem 1.8). In order to prove Lemma 7.3 we will
require two preliminary lemmata. Recall the notation defined at the end of §2, and define the set C,(Q)
by

Ce(Q) ={z € ZN[1,Q] : so(z)|s0(q)}-
Lemma 7.1. Let L be a positive real number and r be a positive integer with logr < log L. Then for
each € > 0, one has card(C,(L)) < L*.
Proof. This is [28], Lemma 2.2.

Before stating the second preliminary lemma, we record some notation. Write ¢ (z; a) = Z:Zl a; ki
and define the exponential sum h,,(a; L, R;0) by

hro(os LR 0) = Y e(yh(uv; @) + 0u).
u€A(L,R)
(u,r)=1

Also, when 7 is a prime number, define the set of modified smooth numbers B(M, w, R) by
B(M,7,R)={veN: M <v< Mm, wlv, pprime and plv =7 <p < R}.

Lemma 7.2. Let o € R! and r € N, and suppose that Q, M and R satisfy 2 < R < M < Q. Then

Z e(y(z;a)) < RlogQ max sup Z | (0 Q/M,7;0)| + M.

<R
2€A(Q,R)  prime €10 weB(M 7 R)

(w,r)=1 (v,r)=1

Proof. One may employ the argument of the proof of Vaughan [19], Lemma 10.1 precisely as in the
treatment of Wooley [28], Lemma 2.3.

Lemma 7.3. Letky,..., k; be integers satisfying (1.2). Suppose that X is a real number with 0 < A < %,
and write M = P*. Let j be an integer with 1 < j < t, and let o € R*. Suppose that a € Z and g € N
satisfy (a,q) = 1, |qo; —a| < 3(MR)™%, ¢ < 2(MR)", and either |go; — a| > MP™% or ¢ > MR.
Then whenever s is a natural number with 2s > ki, and the exponent A4 is admissible,

fila; P,R)* < P> MY (P/M)>:.

Proof. We start by manipulating fix(a; P, R) into a form suitable for our subsequent application of the
large sieve inequality. On observing that

fu(o; PR) = > Y e((xd; ),
deCqy(P)NA(P,R) z€ A(P/d,R)
(m,Q):l

we deduce from Lemma 7.1 that

. . 1+
files P.R) < P* | _max > e(¥(xd;@))| + (PR/M)' <.
zeA(P/d,R)

(z,q9)=1

Then it follows from Lemma 7.2 that there exists d € C,(M/R), 6 € [0,1), and a prime m with 7 < R
such that
Sl P,R) < P*** M~ + P*g(a;d, 7, 0), (7.1)
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where

glazd,m,0) = > |hgua(os P/M,7;0)].
veB(M/d,m,R)
(U7q):1

Denote by J(q, d, h) the number of solutions of the congruence (zd)* = h (mod ¢) with 1 < z < ¢, and
note that when (h, q)|d* one has J(q,d,h) < ¢°d*i. Then there exists an integer L with L < ¢°d"s
such that the integers v with M/d < v < M R/d and (v,q) = 1 can be divided into L classes V1,...,Vp,
with the property that for any two distinct elements v1, v5 in a given class V,., we have (v1d) ki = (vzd)kﬂ‘
(mod g) if and only if v; = vy (mod ¢). Consequently, on writing ¢, for the number of solutions of the
diophantine system

with u; € A(P/M,n) (1 <i<s), we may apply Holder’s inequality to obtain

2

Y

. 2s € jk; 2s5—1
g(a;d, 7, 0)*° < P°d" (MR/d) 1r§nra§xL

> " bye(d(vd; ary))

vEV,

where |by| < ¢y, the summation is over y with 1 < y; < s(P/M)*: (1 <i < t), and we have written ay
for the t-tuple (aqy1, ..., awy:). Then by Cauchy’s inequality,

glasd,m,0)* < P<d* (MR/d)*>~" | ] s(P/M)* | W; (7.2)
I#j

where
2

Wi =) max Yo byelag(vd)iyy)|
Y o vV [i<y;<s(P/M)"

and the first summation is over y; satisfying 1 <y < s(P/M)* (1 <1<¢t, [ # j).

Next we show that the aj(vd)’“j are somewhat widely spaced apart modulo 1. It is this property
which is fundamental to the strength of the estimates stemming from our later application of the
large sieve inequality. We start by observing that if vi,v9 € V. and v; # vy (mod ¢), then one has
(v1d)* # (vad)® (mod ¢), and hence the inequality |ga; — a| < 2(MR)™" implies that

L (wid)* = (vpad)*)

laj ((v1d)* — (v2d)™) || = .

\ T (7.3)

We divide into cases.

(i) Suppose that ¢ > M R/d. Then the elements of V, are distinct modulo ¢, and so it follows from
(7.3) that for v € V,., the a;(vd)*i are spaced at least %q_l apart modulo 1.

(ii) Suppose that ¢ < MR/d. Then by hypothesis we have |ga; — a| > MP~%i. Given any two

elements vy, v2 of V,. with v1 # v2 (mod ¢), we may conclude as in case (i) that «;(vid)* and «;(ved)*i

are spaced at least %q_l apart modulo 1. Meanwhile, when v; = vy (mod ¢) but vy # vs, one has

/ ' ki EdRill = | k; kj| 7k;

e ((vid)* = (v2d)™) || = [[(@j = a/q)(v)? —vy")d™ || = | — a/q| - Joy” — w57 |d*.
Then since v; — vy is a non-zero multiple of ¢, and v;d > M (i = 1,2), we obtain
lv ((01d)" = (v2d)™) || > |y —a/q| M® ™ g > (P/M)™".

We therefore deduce that in this case the o (vd)* (v € V) are spaced at least 2 min {¢g~*, (P/M)~%i}
apart modulo 1.



30 TREVOR D. WOOLEY

Thus in either case the large sieve inequality (see, for example, Vaughan [18], Lemma 5.3) implies
that

2

Z* max Z bye(aj(vd)kjyj) < (q + (P/M)k]) Z |by|2

1<r<L
VEVr [1<y; <s(P/M)*s y

< g+ (P/M)")S,(P/M, R).
Then since 2s > k; + 1 and Ay is an admissible exponent, it follows from (7.1) and (7.2) that
filos Py R)? < PEM?*7 1 (P/M)**+ 2 (1 + q(P/M) %) 4+ (P/M)>**<.

The lemma follows on noting that the second term on the right hand side of the last inequality is smaller
than the first.

The proof of Theorem 4. Recall the notation of the statement of Theorem 4. We suppose that \ is a
real number with 0 < A < 1/¢, and that a € my). For convenience we write M = P>. For each i with
1 < i <t, it follows from Dirichlet’s Theorem that there exist b; € Z and ¢; € N with (b;,¢;) = 1,
¢ < 2(MR)* and |g;c; — b;| < (M R)~". If for some j with 1 < j < ¢ we have |gja; — b;| > M P~
or gj > MR, then we may apply Lemma 7.3 to obtain

file P, R) < P (M (P/M)3e) /)  prootien+e,

and we are done. Otherwise, for every ¢ with 1 <14 <t we have ¢; < MR and |g;c;; — b;| < MP %, We
put ¢ = [q1,...,q] and a; = b;q/q; (1 <i <t). Then (ay,...,a:,q) =1, ¢ < (MR)! < PPR! and

lga; — a;] < MP7F(MR)"™' < PPRRIT (1 <i<t).

Thus a & my), and we derive a contradiction. The theorem follows immediately.

The argument used to prove Theorem 5 is essentially the same as that used in the proof of Theorem
4, save that the lower dimension of the problem leads to simplifications.

The proof of Theorem 5. Recall the notation of the statement of Theorem 5. We suppose that A is a
real number with 0 < A < %, and that o € ny. For convenience we write M = P*. By Dirichlet’s
Theorem there exist b € Z and r € N with (b,7) = 1, r < 2(MR)** and |rajo — b| < 3(MR)™ " . If

lrajo — b| > M P~k or r > MR, then we may apply Lemma 7.3 to obtain
gi(e; P, R) = ficaa; P, R) < P (M~1(P/M)A:) " *) « piocled+e
and we are done. Otherwise we have r < MR and |raja — b| < MP~%. We put

rlaa| and a= blad]

T ke (bar)ar’

Then (a,q) =1, ¢ < |a1|P*R and |ga — a] < P %1, Thus a € ny, a contradiction which completes the
proof of the theorem.

The proof of Theorem 6. We establish the two parts of Theorem 6 through separate though similar
arguments, beginning with the first part. Recall the notation of the statement of Theorem 6, together
with the definition of ¥ (x; ) given at the beginning of this section. Write 7 = 7(k), and let € and ¢
be real numbers with 0 < € < ¢ < 7. Let P be a sufficiently large real number, and write H; = P7~%.
Define T} () by

Ti(a)= Y |fulhe; P,R)].

1<h<H,;

Then it follows from Lemma 5 of [5] that the estimate min;<,<p ||¢)(n; )| < H; ' is implied by the
bound T; () = o(P). We exploit this observation by applying Theorem 4 with A = (1 — 7)/t. Suppose
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first that there exist h,b,q with 1 < h < Hy;, b € Zt, ¢ € N, (by,...,bt,q) = 1, ¢ < PY""R! and
\gha; — b;| < P1="=FiR!=1 (1 <4 < t). Then for each i we have

i (gh)™ || < [(gh)" ' (ghay — b;)| < (Hy P TRY)Fi—tpl=m=kigi=1,

Then since (7 — ¢) + 1 — 7 + tn < 1, we obtain ||a;(gh)¥|| < t~'H; ', whence on noting that ¢H; <

P'=?R!, we deduce that

t
<
(min (1Y (n; 0| < [ (qh; e Z levi(gh)*

Meanwhile, if for each h,b,q with 1 < h < Hy, b € Z', ¢ € N, (by,...,bs,q) = 1 and |qgha; — b
Pl-T=kiRt=1 (1 < i < t), one has ¢ > P!~ R!, then Theorem 4 implies that

IN

1—o(k; )\)—I—e
 Dax, | fx(ha; P, R)| < P

Moreover, a simple calculation reveals that o(k; A) > 7, so that
Ti(a) < H P77 « P19 — o(P).

Thus our earlier observation once again shows that min;<,<p |1 (n; )| < Hy', and the first part of
Theorem 6 follows immediately.

For the second part of Theorem 6, we put @ = «aa for some rational t-tuple a, and write oy =
o(k;1/2). Let € and ¢ be real numbers with 0 < £ < ¢ < 09, let P be a sufficiently large real number,
and write Hy = P2~%. Define T»(«) by

To(a)= . lgu(ho; P,R)|.

1<h<H,

Once again we deduce from Lemma 5 of [5] that in order to establish the bound min;<,<p ||[¢(n; )| <
Hy ', it suffices to show that T5(c) = o(P). We apply Theorem 5 with A = 3. Let d be the least positive
integer such that da € Z', and write 8 = «/d. We suppose that there exist h, b, ¢ with 1 < h < dHo,
beZ,qeN, (bq) =1, q <|aid|P*R and |ghB — b| < P*~%1. Then

18(a:id)(gh)* || < |(gh)* " (qhB — b)(a;d)| < |ad]| (|a1d2|H2PAR)ki_1PA_k1.

Then || 3(asd)(gh)™

<t ' H; ', whence

t
i, (sl < olats o)l < 319

Meanwhile, if for each h, b, ¢ with 1 < h < dHs, b€ Z, q € N, (b,q) = 1 and |gh8 — b| < P*~%1_ one
has ¢ > |ayd|P*R, then Theorem 5 implies that

< 1— O’2+8
Jax |gx (ha; P, R)| e lgx(hB; P, R)| < P

whence
Ty(a) < HyP'=o2%¢ « PITe=¢ — o(P).

Then the second part of Theorem 6 follows in this case also, and the proof of the theorem is complete.

The consequences of Theorems 4, 5 and 6 recorded in Theorem 7 are almost immediate from Theorems
2 and 3. We will therefore be brief in our proof of Theorem 7.

The proof of Theorem 7. We start by proving part (i) of the theorem. We put

uo = [Stki(log ki + 4loglog ky + 3logt +6)] + 1,
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and
ur = [Ski(log(ky ... ki) + 3t)] + t [3k1 loglog ky + kq logt + 1] .

On recalling the notation of Theorems 2 and 3, we have
ug — So > thy (3loglogky + logt+3) and w; — s; > tky(3loglogky + logt),
and hence the latter theorems imply that the exponents A,,, and A, are each admissible, where

Ay, = e*(log ki) exp ((so — ug)/(tk1)) < 1/(tlog k1), (7.4)

and
Ay, = (log ki) exp ((s1 — u1)/(tk1)) < 1/(tlogky). (7.5)

On applying Theorem 4, therefore, we deduce that

sup |fx(a; P, R)| < pr=okl/t)+e,

acmg

where
1—(t—1)A,,
Qtui '

o(k;1/t) > max (7.6)

On substituting (7.4) and (7.5) into (7.6), we obtain
o(k;1/t)™" < 2t (1 —1/(ogky))” " min {ug,us},

whence the first estimate of part (i) follows immediately.
Next we put

vo = [3tk1(log k1 + 4loglog k1 + logt + 6)] + 1,
and

v = [2k1 (log(ky ... k) + 3t%)] +t [3k; loglog ki + 1] .

Following the argument of the first paragraph, we deduce that the exponents A,,, and A,, are admissible,
where

max {A,,, Ay, } < 1/(logky). (7.7)

Thus Theorem 5 leads to the estimate

sup |gi(o; P, R)| < plotkil/2)+e

a€n1/2

where
1-A,
4Ui

o(k;1/2) > max L. (7.8)
On substituting (7.7) into (7.8) we establish the second estimate of part (i).

In order to complete the proof of the theorem, we have merely to note that part (ii) follows from
Theorem 6 in combination with the estimates for o(k;1/t) and o(k;1/2) provided by (7.6) and (7.8),
since 7(k) = (1 + o(1))o(k; 1/t).

8. UPPER BOUNDS FOR LARGE MODULI

The unlocalised fractional parts estimates provided by Theorem 8 are simple consequences of an
exponential sum estimate related to that established in [28], Lemma 3.1 by using a method similar to
one of Heath-Brown [7], §5. We prove this estimate in the following theorem.
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Theorem 8.1. Let ky,..., ks be integers satisfying (1.2), and let H be a real number with H > 1.
Suppose that X is a real number with % < X< 1, and write M = P*. Let o € R, b € 7!, and

suppose that there exist a € Z' and q € N satisfying the conditions (a;,q;) = 1 and |a; — a;/q;| < q,L-_2
(1 <i<t). Then whenever m and w are natural numbers, and A,, and A,, are admissible exponents,

> Ificlhbos P R)| < (HP)' (M (P/M)27 04 (P;q; 1) ™ + HM,
1<h<H

where ba denotes (byaq, . .., bray),

Ox(P;q;\) = H™' min 0;(P; N,
k(Pr ) }H7 (P; )

and
0;(P;\) = Hqs (¢ + (P/M) ™% 4 qH ' P~F)

Proof. We first consider a fixed integer h with 1 < h < H, and rewrite the exponential sum fy(hbea; P, R)
in a form suitable for our later applications of Holder’s inequality. For convenience we write 3 = hba.
By applying Lemma 7.2 with » = 1, we deduce that there exists a prime 7 with 7 < R, and 6 € [0,1)
such that

JiB; P.R) < P*Rg(B;0) + M, (8.1)

where

9(B:0) = Y |hu(B; P/M,m;0)].

veEA(MR,R)

Define the complex numbers of unit modulus, (v, #), by
|ha,0(B; P/M, 3 0)[™ = e(v,0)ha,o(B; P/M,m;6)™. (8.2)

Also, let 7(c; 6) denote the number of solutions of the diophantine system

with u; € A(P/M,m) (1 <1i <m), in which each solution u is counted with weight e(6(uy + - - 4 u,)).
Thus

hw(B; P/M,m50)™ = r(c;0)e(Brev® +--- 4 Breo*),

(¢

where the summation is over integral ¢-tuples c satisfying 1 < ¢; < m(P/M)*¥ (1 < i < t). An
application of Holder’s inequality together with (8.2) therefore yields

g(B:0)" < (MRY™™ 3" c(w.0) Y (e f)e(Brervh + -+ fres).

vEA(MR,R) c

Next, on noting that |r(c;0)| < r(c;0), we find that a second application of Holder’s inequality reveals

that
9(B; 0)m < (MR)2(m=D) (Zr@; 0>) (Zm;of) T.(8).
where
Juw(B) = _[5(Bic,0)*", (8.3)
and

9(Bic,0) = > e, 0)e(Brerv -+ Bro*).

veEA(MR,R)
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Consequently, on considering the underlying diophantine equations,
9(B;0)>™ < (PR)*™(P/M)~*"™(MR)~*" S (P/M, R).J.,(8).

Thus, on applying Holder’s inequality once more, and recalling (8.1), we obtain

3" |fulhbas P,R)| < (HP)Hw/ @) 4 g, (8.4)
1<h<H
where
U =H"'(P/M)>"M>"S,,(P/M,R) Y  Jy,(hba). (8.5)
1<h<H

In order to complete our proof we must estimate V. Let n(d) denote the number of solutions of the
system

w 2w
vaj - > vl =d; (1<j<t),
=1 1=w-+1

withv; € A(MR, R) (1 <i < 2w), in which each solution v is counted with weight [[:_; £(v;, 8)&(vey14, 6).
Then

”(d) = - |§(/67 C, 9)|2w@(_5101d1 - 6tctdt)d/37

so that on recalling (8.3) we obtain

Jw(hba) =Y " “n(d)e(h(arbicrdy + -+ + asbicidy)),
c d

where the second summation is over d with |d;| < w(MR)* (1 < i <t). Thus, on interchanging the
order of summation, and making the trivial estimate [n(d)| < n(0) < S, (MR, R), we deduce that

Z Ju(hba) < Sy, (MR, R) Z Zﬁ Z e(a;hbicid;)

1<h<H 1<h<H d i=1|1<¢;<m(P/M)i
Sy (MR, R)(PR)F ket the i Y, (q; 8.6
< Suw(MR,R)(PR) Jgr{q{?_7t}]_[ (¢), (8.6)
.,775@ (2 J

where
Yi(q) = (PR)™" > > min {(P/M)¥, | hbidic || 7"}

1<h<H |d;|<w(MR)i

But [18], Lemma 2.2 implies that
Ti(g) <o H' g7 (g + (P/M) ™" + HTH(MR)™™ + g H ' (PR)™")
whence by (8.5) and (8.6), on recalling that A, and A,, are admissible exponents, we obtain

U HP) M2 (P/M)>m H~1 i (P ).
< (HP) (P/M) S HH( ;M)

The lemma now follows immediately from (8.4).

The exponential sum estimate provided by Theorem 8.1 leads with little difficulty to a proof of
Theorem 8 via standard fractional parts methods. Before proving the latter theorem, we remark that
Theorem 8 is applicable in cases where the «; are not all irrational. For suppose that the latter is the
case. We partition the set of indices into two disjoint sets Q and Z so that a; € Q when i € Q, and
a; ¢ Q when j € Z. Then there exist integers a; € Z and ¢ € N with a; = a;/q (i € Q), and moreover

> ailgn)® > Bin*

i€l i€

e (qgn)* + -+ + ay(qn)™ || =

Y
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where 3; = a;¢" (i € ). Note that if T = 0, then |lai(qn)** + .- + a;(qn)**|| = 0 for n € N, and we
are done. In the remaining cases we deduce that whenever  is a positive number for which, given any
€ > 0, there are infinitely many solutions n € N of the inequality Hziez Binki H < nf~7, then given any

€ > 0, there are infinitely many n € N with HZle ain’“i‘ < nf~7. Moreover the (; are all irrational.

It therefore follows from Theorem 8 that one may take
a K1 — ZAS’H
- max ——
" seN 452 ’
where k = (k;);cz, and k1 = max;cz k;. Owing to the nature of our methods, in practice one will find
that a(k) < 7.
Proof of Theorem 8. We begin by disposing of the case in which the «; are not all in rational ratio. Let
a/q be a convergent to the continued fraction of oy, sothat a € Z, g € N, (a,q) = 1 and |a1 —a/q| < ¢~ 2.
We define a(k) as in the statement of Theorem 8, with s the value of the parameter corresponding to
the maximum. Let ¢ be any real number with 4e < ¢ < a(k), and define the real numbers N and H by
NF1=¢ = 42 and H = N*®~¢ We apply Theorem 8.1 with A = %, m=w=sand b; =1 (1 <1i<t),
noting that we may take J = {1} in the implied minimum, and discard the remaining indices by taking
any continued fraction convergents to the a; with ¢ > 2. We deduce that

1/(2s%)

Z | fu(ha; N, N™)| < (HN) e (NAr(kr@/z) L HNV2,

1<h<H

But 2A, — (ky — ¢) = ¢ — 4s?a(k), whence > 1<h<n | flha; N, NT)| = o(N). Moreover (see, for
example, [19], Lemma 5.3) one has card(A(N, N")) >, N, and so

> I(has NN =0 Y 1

1<h<H neA(N,N")
It therefore follows from [5], Lemma 5, that

min [Jain® + -+ aun®t|| < H71 = NoTok),
1<n<N
and the theorem follows in the first case on taking a sequence of ¢ going to infinity.

In the case in which the a; are in rational ratio, one may of course conclude as above that for infinitely
many n € N one has |a;n®* + - + qunFt|| < n=*&) However, if the k; are suitably distributed one
may obtain a sharper conclusion. We write a@ = ab with b € Z* and a € R. Let a/q be a convergent
to the continued fraction of «, so that a € Z, ¢ € N, (a,q) =1 and |a — a/q| < ¢2. We define 3(k) as
in the statement of Theorem 8, with s the value of the parameter corresponding to the maximum. Let
¢ be any real number with 4¢ < ¢ < B(k), and define the real numbers N and H by N*1=¢ = ¢? and
H = NP®~¢ We apply Theorem 8.1 with \ = % and m = w = s to deduce that

1/(2s%)

> |flhba; N,N")| <3 (HN)'** (N2:0) + HN'/?,

1<h<H

where

< N~ (m=9)/2 iy HN%(’“*‘”*’“ < NtoK/2,
2<r<t i
But 2A; — (K — 2t¢) = 2t¢ — 4s*(k), whence Y ., g | fx(hba; N, N")| = op(N). Thus, as in the
first case, we deduce that o

min_[jayn® + - 4 amft| < H7 = N97PK),
1<n<N
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and the theorem follows in the second case on taking a sequence of ¢ going to infinity.
The proof of Corollary 8.1 is routine, and so we can afford to be brief.

The proof of Corollary 8.1. In order to prove the first part of the corollary, we put uyg = [%tkl (logt +
loglogt 4 4)] + 1, and note that in the notation of Theorem 2 we have ug < so. Then by Theorem 2
the exponent A, is admissible, where

Ay, = th1exp(2 — (logt 4 loglogt +4)) = e ?k1/ log t.
Then when &, is large, the conclusion (1.14) of Theorem 8 holds with

ki — 20y, ki(1—2e72/logt) .
4u  t2k?(logt + loglogt +4)2

ak) =

and a modest computation reveals that when ¢ > 1 one has
a(k)™' < t?k;(logt + loglogt + 7).

For the second part of the corollary, we may assume that k; = o(v/ky) for @ > 2. Thus, by the
argument of the proof of Theorem 3, we may suppose that the exponent Ay is admissible, where

t
Ag=Agp, + Y ki=Ag +o(kr) (s€N).

=2

But the Corollary to [26], Theorem 2.1 implies that when s € N, the exponent Ag , = A is admissible
where A is the unique positive solution of the equation Ae?/*1 = k;e!=25/k1 Then provided that s is
bounded by a fixed multiple of k;, one has that A; = (1 4 o(1))A is admissible. Thus we may apply
precisely the argument of §4 of [26] to deduce that (1.14) holds with a(k)™ = (v + o(1))k;. This
completes the proof of the corollary.

9. WARING’S PROBLEM FOR POLYNOMIALS, |

In this section we establish the first part of Theorem 9 by using an argument which makes use of
diminishing ranges. We defer to the next section the homogeneous argument used to prove the second
part of Theorem 9. We suppose that g(x) is a polynomial with rational coefficients taking integral
values whenever z is an integer. If g has degree k and weight ¢, then for some b, € Q (1 < i <t), and
k1,...,k satisfying (1.2) and k; = k, one has g(z) = 2321 b;x*. Let d be the least positive integer
such that db; € Z (1 < i < t), and let w = by1/|b1|. Then it follows that n admits a representation
in the form (1.15) if and only if wdn admits a representation in the form (1.15) with g(x) replaced
by Ele(wdbi)xki. Consequently, we may assume that the polynomial g(z) takes the form Ele a;xk
with a; € Z (1 <i<t)and a; > 0.

Let k1 be sufficiently large, let n be a sufficiently large positive integer, and write P = [(n/al)l/k}.
Let € be a positive number sufficiently small in terms of k, and let n be a positive number sufficiently
small in terms of € and k. Write R = P", and when ¢ is a natural number write P; = 9—ip(=1/k)'"""
Take s and u to be integer parameters, bounded in terms of k, to be chosen later. We consider the
number, R, ,(n), of solutions of the diophantine equation

2s 2u
glz1) +g(z2) + > gy + > _g(z) =n, (9.1)
i=1 =1
with
1<x,20 <P, P <y,ysts <2P (1<i<5s), (9.2)
and
zj € A(P,R) (1<j<2u). (9.3)
Write

H(a)= )  elag(z)), hla)= Y  elag(z)), (9-4)

1<z<P 2€A(P,R)
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fila)= > elagly) (1<i<s), (9-5)

P;<y<2P;

and when [ is an integer with 1 < I < s, define also
Frala) =[] filw). (9.6)
i=1

Then by orthogonality,
1
Rou(n) = / Fro(0)? H(a)2h(a) ™ e(—an)da. (9.7)
0

Before executing the Hardy-Littlewood dissection, it is convenient to provide an estimate for the mean
value Uy s(P), which we define by

1
Uy (P) = / Fro(@)? da (9.8)
0
Lemma 9.1. When k > 2, and I and s are natural numbers with I < s, one has

Upo(P) < PFO=1/R)T =(0=1/k)7) (9.9)

Proof. This is essentially a standard diminishing ranges argument. We note merely that the Mean
Value Theorem implies that when x and y are integers with x > y > X, and X is sufficiently large,
then one has [g(z) — g(y)| > 2kay X*1.

We now apply the Hardy-Littlewood method. Let m denote the set of real numbers a € [0, 1) such

1
that whenever a € Z, ¢ € N, (a,q) = 1 and |a — a/q| < ¢ 'P27% then one has ¢ > a; P/2R. Then
recalling the definition of ny, we may apply Theorem 7 to deduce that

sup |h(a)| < PL-mM+e, (9.10)

aem

where when k is large one may take 7(k)~! = (1 + o(1))2tk (log k + logt). Thus, since k is sufficiently
large, we have sup, ., |h(a)| < P~ where

(k)" = 6tklogk. (9.11)
We now fix u in terms of s by setting
k(1 —1/k)®
= |17 1. 12
! { 271 (k) ]+ (512)

Thus, on using a trivial estimate for H(«), we conclude from Lemma 9.1 that

[ 17w da < 2 (s ) [ 171 do

< T(P)P?,

where we write

T (P) = F1.4(0)2P?ut2=F (9.13)

and A = k(1 — 1/k)® — 2uri (k) < 0. On recalling (9.11) and (9.12), we may therefore summarise our
deliberations thus far with the following lemma.
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Lemma 9.2. Let s be a natural number, and write u = [3tk?logk(1 — 1/k)®] + 1. Then there exists a
positive number & such that

/ ‘FI,S(Q)QH(OZ)Z}L(O()QU| da < T(P)P—é

It remains to determine the contribution of the major arcs M = [0,1) \ m. We adopt a pruning
procedure, taking W to be a pruning parameter with 2 < W < P1/4 to be chosen later. Define
1
M(q,a) = {a €[0,1) : |go —a| < PZ7F}. (9.14)
Then 9 is the disjoint union of the M (g, a) with 0 < a < ¢ < a; P/2R and (a,q) = 1. Define also
N(g,a) = {a €[0,1) : |ga — a| < WP™F}, (9.15)

and let 91 denote the union of the M(q,a) with 0 < a < ¢ < W and (a,q) = 1. Plainly, for each a and
g one has M(q,a) € M(q,a) and 9N C M. We write, further, n = [0,1) \ 9, so that n = (M \ IN) Um.

We record in the following lemma standard estimates for the exponential sum H(«) used in our
pruning operation. We define S;(q, a) as in (1.18), and define also

P
1,(8) = /O e(Bg(v))dy. (9.16)
Further, when a € 9M(q, a) we write

V(ayq,a) = q 'Sy(q,a)Iy(a — a/q). (9.17)

Finally, we define the function V(a) to be V(a;q,a) when o € M(q,a), 0 < a < ¢ < a1 PY/?R and
(a,q) =1, and to be zero otherwise.

Lemma 9.3. When o € M(q, a), one has
H(a) —V(a;q,a) < ¢+ |qo — al P (9.18)
Moreover, when (a,q) =1,

—1/k

V(a;q,a) < ¢°P (q + |go — a| P*) (9.19)

Proof. The estimate (9.18) follows from Theorem 7.2 of Vaughan [18], while (9.19) follows from Lemma
4.2 of R. Baker [1] combined with Theorem 7.3 of Vaughan [18], on noting that g(P) > P*.
Our pruning operation is facilitated by the following lemma.

Lemma 9.4. Suppose that s is an integer with s > 2k + 2. Then
/ |H(a)|?do < P7F,
m
and there is a positive number § such that

/ |H(a)|*da < P7FW 2.
M\MN

Proof. Tt follows from Lemma 9.3 that when o € 90t one has H(a) = V(a) + O(P'/?*¢), whence for
positive integral s,
|H(o)|* = |[V(a)]* < P2 + PY2HV ()" (9.20)

Write M for either 9t or 9t \ N, and define ¥ = V(M) to be 1 when M = 9, and to be W when
M =9\ N. Then it also follows from Lemma 9.3 that whenever s > k,

/ V(@)Pda < P7% Y ¢! =*/F min{1, (¢/Y)F '),
M 1<q<P
and thus for s > 2k,
/ [V (a)|*da < P3~Fy=—1/k,
M

The lemma now follows immediately from (9.20).

We are now in a position to establish the pruning lemma.
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Lemma 9.5. When B C [0,1), write
1(B) = / Frs(0)H (a)h()"? da.
B
Then provided that u > k,
1([0,1)) < T(P),
and there is a positive number & such that

I(n) < T(P)YW™°.

Proof. By applying Holder’s inequality we obtain

(M) < ( /M |f1,s<a>2H<a>2“+2|da) - ( / | Fus(a)?ha)? ) da> T e

where M is either 2T or 2 \ M. Moreover, by considering the underlying diophantine equations,

/ ’fl,s(a)Qh(a)QquQ‘ da < / ’flys(a)QH(a)Qh(a)Qﬂ da = I([0,1)). (9.22)
0 0

But by Lemma 9.2, for some positive number § one has
I([0,1)) = I(M) + I(m) < I(IM) + T(P)P_5.

We note that by making a trivial estimate in combination with Lemma 9.4, whenever v > k one has
/ |15 () H ()" 2| dov < ]-"1,5(0)2/ |H ()] do < T(P).
m m
Then we deduce from (9.21) and (9.22) that whenever u > k, one has

1(0,1)) < (T(P))™7 (1(10,1))) % +T(P)P~?,
whence
I([0,1)) < T(P). (9.23)

This establishes the first part of the lemma.
Next we substitute (9.22) and (9.23) into (9.21). On applying Lemma 9.4, we deduce that for some
positive number 9,

u

I(M\N) < (T(P)W<u+1>5)“‘l“ (T(P))=.
Then, again recalling Lemma 9.2, we find that
I(n) =I(M\N) + I(m) < T(P)W~°.
This completes the proof of the lemma.

In order to complete the proof of the first estimate of Theorem 9, we require estimates for the
exponential sum h(«) on suitable pruned major arcs M. Let p(x) denote Dickman’s function, defined
for real x by

p(x) =0 when z <0,

p(x) =1 when 0 <z <1,
p is continuous for x > 0,
p is differentiable for x > 1,
zp (z) = —p(x — 1) for z > 1.
We define, further,

50 = [ o (1EL) cwatmian (9.24)

R
and when o € 9(q, a) we write

W (s q,a) = q " Sy(q,a)Jg(a — a/q). (9.25)

We require the estimates contained in the following lemmata.
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Lemma 9.6. Suppose that R = P" with 1 a sufficiently small positive number. Then when q < R,
(a,q) =1 and o € N(q,a), one has

P
— W (g + P*|ga — al).
ha) = W(a;q,0) < lng(q + P¥lga — al)
Proof. This is immediate from Lemma 8.5 of [22].
Lemma 9.7. One has
Jg(B) < P(1+ P*|g))~ V",
Proof. This follows from Lemma 8.6 of [22], on recalling that g(P) > P*.

On applying the triangle inequality together with Lemma 9.5, we deduce that for some positive
number ¢,

]-"175(a)QH(a)Qh(a)Que(—an)da < /m\m |f178(a)2H(a)2h(a)2“‘ do

< T(P)YW°.

NM\N

Then by (9.7),
n) = /m]-"LS(a)QH(a)Qh(a)Que(—an)da +0 (T(P)W_‘S) .

We now obtain an asymptotic formula for the contribution of the pruned major arcs. Write

1,4(8) = / Ce(Bg(n))dy (1<i<s).

P

Lemma 9.8. Suppose that W < R. Then

/m Frs(@)?H(a)*h(e)*e(—na)da — > S(q)J*(¢,P,W) < T(P)W?/log P,

1<g<w
where .
= > (a7'Sy(a.a)" " e(—na/q),
(D=1
and
¢ 'wpF
J*(q,PyW)Z}"z,s(O)Q/ o I,(8)%14,1(8)% J4(8)* e(—nB)ds.
7q—1 —k

Proof. Suppose that 0 <a <q<W, (a,q) =1 and « € M(q,a). Then by Lemma 9.3,
H(a) —V(aq,a) < W, (9.26)
and by Lemma 9.6, when W < R,
h(a) — W(e;q,a) < WP/log P. (9.27)
Meanwhile Theorem 7.2 of Vaughan [18] shows that under the same circumstances,
fila) =q7'Sy(g:a)lgi(a —a/q) < W (1 <i < ). (9.28)

We note further that when 2 < i < s, and |3| < ¢ 'WP~*, one has

2P;
L) = [ elBat)dy = P+ Ol W /PY),
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whence for some positive number 4,

I,i(8) = P+ O(P™%). (9.29)

On combining (9.26)-(9.29), we deduce that when 0 < a < ¢ < W, (a,q) =1 and o € 9(q, a), one
has
Fi,s(0)*H(o)*h(a)*"e(~an) — 5(q,a)J (¢, P, W; o — a/q)
< Fi1.5(0)2P* 21/ (log P),
where B et 90t
S(q,a) = (47" 54(q, a)) e(—na/q),

and
:]V(q,P, Wvﬁ) = Ig(ﬁ)2lg,1 (HP) 6 TLB

The lemma follows on integrating each side of the last inequality with respect to « over the set 1.

Lemma 9.9. Let

1) = 707" [ L (8) Iy (B2 Ty (B e —nB)dB.

— 00

Then when u > k — 2, the singular integral J(n) converges absolutely, J(n) < T (P), and

Proof. This is a standard consequence of the estimate I,(3) < P(1 + P*|3])~'/% which follows from
Theorem 7.3 of Vaughan [18], together with Lemma 9.7 (see the proof of Lemma 10.2 of [22] for a
similar analysis of a two dimensional case).

Lemma 9.10. There is a positive number C such that J(n) > CT (P).

Proof. On making a change of variable, we have

1,(8) = P / e(Bg(7P))dr,

1

Iy1(8) = P/ e(Bg(vP))d,

1/2
and )
log P log~
J, =P P))d~.
=P [ o(et ey ol

Thus, on making a second change of variables, we deduce that

where
/ / e(BY(; P))drdB,
U(y; P) = P~ %(g(1P) + -+ + g(r2uaP) — 1),
2u
P(y) = Hp(log(P%)/ log R),
and

= (R/P,1)*" x [0,1]* x [3,1]%.
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We note that in view of the absolute convergence of J(n), the contribution to J(n) from the region with
18] > P/3 tends to zero as P — oo.

We observe that P(v) behaves as a positive weight function for each v € B. Thus a standard
application of Fourier’s integral formula reveals that

cR)z [ [ Pajeauen P)ivds,
where B’ = [3, 1]?“**. Further, since R = P" it follows that when 3 <~ <1,

p(log(Pv)/log R) = p(n~" +n~"'log~/log P)
=p(n~")+0(1/log P),
and hence
P(y) = p(n~")*" 4+ O(1/log P).

Moreover,
e(BY(v; P)) = e(Bar(7] + -+ + 75414 — 1)) + O(BP7H).

On recalling the concluding remark of the previous paragraph, moreover, we may restrict attention to
the situation where |3| < P'/3, in which case the contribution to C(P) arising from the latter error
term is O(P~1/3). We therefore deduce that

C(P) > p(n~")*"D + o(1),

where -
D= / / e(Bar(Vy + -+ + V3uqq — 1))dydp.
A further standard application of Fourier’s integral formula reveals that D is positive. This completes
the proof of the lemma.
Lemma 9.11. The function S(q) is multiplicative. Moroever, when s +u > k one has

S qVMS(g)| < W

1<q<W

Proof. This is standard (see, for example, Chapters 2 and 4 of Vaughan [18], and the proof of Lemma
10.6 of [22] for a similar argument).

Lemma 9.12. Suppose that s +u > k. Then for some o > 0 one has

> S(q)T (g, P,W) = J(n)&(W) + O(W °T(P)),

1<q<W

where

W)= > S(g.

1<g<wW
Further, &(n) = ZZil S(q) converges absolutely, and S(W) — &(n) K W=7 for some T > 0.
Proof. This is standard using Lemma 9.11 (see the proof of Lemma 10.7 of [22] for a similar argument).

Combining the conclusions of Lemmata 9.8, 9.9, 9.10 and 9.12, we deduce that when s+u > k, there
are positive numbers C and o such that whenever W < R, one has

Rs.u(n) > CS(n)T(P)+ O(W?/log P+ W~7)T(P)).
On taking W to be a suitable power of log P, therefore, one finds that

Rsu(n) =2 (6(n) +0o(1))CT(P).
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Then given a positive number 9§, all sufficiently large numbers n with &(n) > § satisfy the condition
Rsw(n) > (6 +0(1))CT(P) — o0
as n — oo. Consequently, recalling the definition of G(g),
G(g) <25+ 2u+2=2s+2[3tk*log k(1 — 1/k)*] + 4.
On taking s = [k(log k + logt + loglog k)] + 1, we have
tk?log k(1 — 1/k)* < tk*log k exp(—(log k + logt + loglog k)) < k,

whence

G(g) < 2k(logk + logt + loglog k + O(1)).
This completes the proof of the first part of Theorem 9.

10. WARING’S PROBLEM FOR POLYNOMIALS, II

In this section we establish the second part of Theorem 9 by using a homogeneous argument. We
adopt the same notation and conventions as in §9, but now consider the number, r; ,(n), of solutions
of the diophantine equation

2s+2u
g(z1) + g(z2) + Y g(y:) =n, (10.1)
i=1
with
1<z,20 <P, y;€ AP,R) (1<i<2s+2u). (10.2)
Recalling (9.4) it follows from orthogonality that
1
rsu(n) = / H(a)?h(a)?**T?4e(—an)do. (10.3)
0

Before executing the Hardy-Littlewood dissection, we provide an estimate for the mean value V,, (P, R),
which we define by

1
Vio(P,R) = / Ih(a) 2 da.

0

Lemma 10.1. For each positive integer w, one has
Vw (P, R) < P*S,x(P, R),

¢
where k =Y, _o k;.

Proof. We note that by orthogonality, V,,(P, R) counts the number of solutions of the diophantine
system

SN -y =h; (2<j<0),
with ;,9; € A(P,R) (1 <i<w), as h; (2 <j <t) varies over all possible integral (¢ —1)-tuples. Then
e R = S o % / G(@) 2P e(—haas — - - — hyay)dex,
lha|<wP*2  |he|<wPke * T
where

G(a) - Z e(alg(l’) + Oézxk2 4+ . 4 Oétl'kt)-
z€A(P,R)
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Thus,

t
Vw(P,R) < (H 2kai) |G(a)|*Vdax
Tt

=2

<P / fiele P, R) " dex,
"H‘t

and the lemma follows immediately.

We now apply the Hardy-Littlewood method. Let m be defined as in §9. Then applying Theorem 7,
we deduce that
sup [h(a)| < P10t

acm

where when k is large one may take
v(k)™! = (14 0(1))2k: (3> + 6tloglog k1 + log (ks ... ky)) .

Thus, since k is sufficiently large, we deduce that when ¢ = o(y/log(k; ... kt)), then we have sup,, ¢, |h(a)] <
P18 where
vi(k)™! =4k log(ky ... k). (10.4)

Suppose that Ag; = Ag x is an admissible exponent. We fix u in terms of s by setting

u = {21/?(81{)} +1. (10.5)

Thus, on using a trivial estimate for H(a), we conclude from Lemma 10.1 that

L!H(a)%(a)%““]da < P’ (21é£]h(a)\)2u /01 Ih(a) % da

< P2s+2u+2—k—5

Y

where § = 2uv; (k) — Ag > 0. On recalling (10.4) and (10.5), we may therefore summarise our deliber-
ations thus far with the following lemma.

Lemma 10.2. Let s be a natural number, and write u = [2Azky log(ky ... k)| + 1. Then there exists a
positive number § such that

/ |H(a)2h(o¢)25+2u|da<<P28+2“+2_k—5.
m

In order to determine the contribution of the major arcs 9t = [0,1) \ m, we merely note that the
treatment of §9 may be adapted by replacing the function F; s(«) by the function taking the value 1
for o € [0,1). Thus we find that when s 4+ u > k, there is a positive number C such that

rsu(n) 2 (6(n) + o(1)) CP2 22k,

where

Sn) =3 3 (¢ 8y(q.0)" " e(—an/q).

Then given a positive number §, all sufficiently large numbers n with &(n) > § satisfy the condition
reu(n) > (6 4+ o(1))CP*T2ut27k o9
as n — o0o. Consequently,

G(9) <2s+2u+2=2s+22Aklog(ky ... k)] + 4. (10.6)
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But Theorem 3 implies that when
s =[5k (log(k1 ... kt) + 3t%)] + tk [2loglog k + loglog (ks ... k) + 1],
one has that Ay is admissible, where
A, < (log k)? exp (—(2loglog k + loglog(ky . . . kt))) < (log(ky ... k)"

Thus when ¢ = o ( Tog (k1 .- k:t)>, it follows from (10.6) that

G(g) < (14 o0(1))klog(ky...kt).

This completes the proof of the second assertion of Theorem 9.
When g is d-lite we modify our above argument by noting that the observation (6.21) implies that
whenever the exponent A; j is admissible, then so is A; k, where

¢
Askx = A + Z ki < Agp+ 3d(d+1).
i=2

But when v = [$k(log k — 2loglog k)] +1, it follows from Theorem 2 that the exponent A, ; = 3(log k)2
is admissible (a sharper conclusion would follow from the Corollary to Theorem 2.1 of [26]). Thus when
d < logk, one has that A, j is admissible, where A, x = e*(logk)?. Applying Theorem 1, we deduce
that when

s = [3k(logk — 2loglog k)] + tk [2loglog k + loglog (ki . .. k;)] + 1,

one has that Ag is admissible, where
A, < (logk)? exp (—2loglog k — loglog(ky ... k) < (log(ky ... ki) .
Thus when ¢ = o (log k/loglog k), it follows from (10.6) that
G(g) < (14 0(1))klogk.
This completes the proof of the final assertion of Theorem 9.
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